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Fundamentals of Engineering Mechanics 








1.1. INTRODUCTION 

Engineering mechanics is that branch of science which deals with the behaviour of a body when the 
body is at rest or in motion. The engineering mechanics may be divided into Statics and Dynamics. The branch 
‘of science, which deals with the study of a body when the body is at rest, is known as Statics while the branch 
‘of science which deals with the study of a body when the body is in motion, is known as Dynamics. Dynamics. 
is further divided into kinematics and kinetics. The study of a body in motion, when the forces which cause 
the motion are not considered, is called kinematics and if the forces are also considered for the body in motion, 
that branch of science is called kinetics. The classification of Engineering Mechanics are shown in Fig. 1.1 
below. 








ENGINEERING MECHANICS. 
1 
1. States 2. Dynamics 
(Body is at rest) (Body is in motion) 
(O Kinematics (i Kinetics 
Fig 1 


Note. Statics deals with equilibrium of bodies at rest, whereas dynamics deals with the motion of bodies and the 
forces that cause them. 


12. DEFINITIONS 

1.2.1. Vector Quantity. A quantity which is completely specifiedby magnitude and direction, is known 
asa vector quantity. Some examples of vector quantities are : velocity, acceleration, force and momentum. A 
vector quantity is represented by means of a straight line with an arrow as shown in Fig. 1.2. The length of the 
straight line (Le, AB) represents the magnitude and arrow 
represents the direction of the vector. The symbol AB also A rj 
represents this vector, which means it is acting from A to B. Fig. 12. Vector Quantity. 

1.22. Scalar Quantity. A quantity, which is completely specified by magnitude only, is known as a 
scalar quantity. Some examples of scalar quantity are : mass, length, time and temperature. 

1.23. A Particle. A particle is a body of infinitely small volume (or a particle is a body of negligible 
dimensions) and the mass ofthe particle is considered to be concentrated at a point. Hence a particle is assumed 
to a point and the mass of the particle is concentrated at this point. 

1.2.4, Law of Parallelogram of Forces. The law of parallelogram of forces is used to determine the 
resultant* of two forces acting at a point in a plane. It states, “If two forces, acting at a point be represented 


"The resultant of a system of forces may be defined as a single force which has the same effect as system of forces. 
acting on the body. 
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in magnitude and direction by the two adjacent sides of a parallelogram, then their resultant is represented in 
magnitude and direction by the diagonal of the parallelogram passing through that point"". 

Let two forces P and Q act at a point O as shown in Fig. 1.3. The force P is represented in magnitude 
and direction by OA whereas the force Q is presented in magnitude and direction by OB. Let the angle between 
the two forces be “a. The resultant of these two forces will be obtained in magnitude and direction by the 
diagonal (passing through O) of the parallelogram of which OA and OB are two adjacent sides. Hence draw 
the parallelogram with OA and OB as adjacent sides as shown in Fig. 1.4. The resultant R is represented by 
OC in magnitude and direction. 














H 
o, 
o P 
Fig13 Fig. 

Magnitude of Resultant (R) 

From C draw CD perpendicular to OA produced. 

Let ‘a= Angle between two forces P and Q = ZAOB. 

Now £DAC = LAOB (Corresponding angles) 

In parallelogram OACB, AC is parallel and equal to OB. 

AC =Q. 
In angle ACD, 
AD =AC cosa =Q cosa 

and CD z AC sina 2 Qin a. 

In triangle OCD, 

OC - OD' + DC. 

But OC = R,OD = OA «AD = P « Qcosa 

and DC - Qsin a. 
R? = (P + Q cos a)? + (Q sin a) = P! + Q' cos^ a + 2PQ cosa + O° si^ a. 
= P+ (cos? + sin! a) + 2PQ cosa. 
=P°4+ Q?’ + PO cosa (7 costa sin?a= 1) ° 
R=VP +P 42PQ cosa ol) 

Equation (1.1) gives the magnitude of resultant force R. 

Direction of Resultant 

Let © = Angle made by resultant with OA. 

Then from triangle OCD, 

mno- CD. Qsina 


-02) 
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Equation (1.2) gives the direction of resultant (R). 

The direction of resultant can also be obtained by 
using sine rule [In triangle OAC, OA = P, AC = Q, OC 
=R, angle OAC = (180 a), angle ACO = 180 — [8 + 180 
-a]=(a-0)) 


sin @ _ sin (180 ~a) sin(a-0) 
AC oc OA 

sin @ _ sin (180 ~a) _ sin (a -0) 
o R P 





Two cases are important. Fig. 144a) 
1st Case. Ifthe two forces P and Q act at right angles, then 
a=% 
From equation (1.1), we get the magnitude of resultant as 
RaVP e O+ 2PQ cosa = VP! « Q+ 2PQ cos 90° 
VP +e (^ cos90* =0) (124) 


From equation (1.2), the direction of resultant is obtained as 
vem (sn) 


P+Qcosa 


man Eero 
P+ Q cos 90° 


2nd Case. The two forces P and Q are equal and are acting at an angle a between them. Then the. 
magnitude and direction of resultant is given as 


Re VP EQ e2PQ cosa = VPs Fis 2P x Px cosa C P=0) 
=V2P «2P cosa. = V2P! (1 + cos a) 


DESIT ( 1ecosae2cos S 


urg C7 sin 90° = 1 and cos 90° = 0) 








2 
Var cos $ =2Peos$ 43) 

and ont (sepes a r E P-Q 
ar IT e Tea 





" na 
sina=2sin S cos 


2 
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It is not necessary that one of two forces, should be 

along x-axis. The forces P and Q may be in any direction as 
shown in Fig. 1.5. If the angle between the two forces is ‘a’, 
then their resultant will be given by equation (1.1). The 
direction of the resultant would be obtained from equation 
(1.2), But angle 0 will be the angle made by resultant with the 
irection of P. 

1.2.5. Law of Triangle of Forces. lt states that, “if 4 
three forces acting ata point be represented in magnitude and 
direction by the three sides of a triangle, taken in order, they O 
will be in equilibrium, 














Fig. 15 


1.2.6. Lami’s Theorem. It states that, “If there forces acting at a point arc in equilibrium, each force 


will be proportional to the sine of the angle between the 
‘other two forces," 

‘Suppose the three forces P, Q and R are acting, 
at a point O and they are in equilibrium as shown in 
Fig. 1.6. 

Let ac» Angle between force P and Q. 

B = Angle between force Q and R. 

Y= Angle between force R and P. 
‘Then according to Lami's theorem, 
PasincofangebetweenQandRasinp. — 





Fig. 
E Pi = constant ts 
Sinf 
Similariy % = constant and = = constant 
Siny ina 
or P 2, 





sin B ^ siny sina 
Proof of Lami's Theorem. The three forces acting on a point, are in equi 
be represented by the three sides of the triangle taken in 
the same order. Now draw the force triangle as shown in 
Fig. 1.6 (a). 
Now applying sine rule, we get 
ET ANAG RS AE 
Sin (180 - D) ~ sin (180-y) ` sin (180— a) 
This can also be written 
dB LER 
SinB ^ sin sina 
This is same equation as equation (1.5). 











Fig. 1620) 
Note. All the three forces should be acting either towards the point or away from the point. 


ium and hence they can 
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13.SYSTEM OF UNITS 

‘The following system of units arc mostly used = 

1. C.G.S. (Le., Centimetre-Gram Second) system of units. 

2. M.KS. (e., Metre-Kilogram-Second) system of units. 

3.5.1 (Le, International) system of units. 

13.1 C.G.S. System of Units. In this system, length is expressed in centimetre, mass in gram and time 
in second. The unit of force in this system is dyne, which is defined as the force acting on a mass of one gram 
and producing an acceleration of one centimetre per second square. 

1.3.2. M.K.S. System of Units. In this system, length is expressed in metre, mass in kilogram and time 
in second. The unit of force in this system is expressed as kilogram force and is represented as kgf. 

1.33, S.L System of Units. S.I is abbreviation for "The System International Units’. It is also called 
the International System of Units. In this system length is expressed in metre mass in kilogram and time in 
second. The unit of force in this system is Newton and is represented N. Newton is the force acting on a mass 
of one kilogram and producing an acceleration of one metre per second square. The relation between newton 
(N) and dyne is obtained as 








One Newton = One kilogram mass x Sete 


io gm Om 








one kg = 1000 gm) 


= 1000 x 100 x BBS 


= 108 dyne 





m xem 
rud] 


When the magnitude of forces is very large, then the unit of force like kilo-newton and mega-newton 
is used. Kilo-ncwion is represented by KN. 
One kilo-newton = 10° newton 





or 1KN=10°N 
and One mega newton = 10* Newton 
The large quantities are represented by kilo, mega, giga and terra. They stand for : 
= 10° and represented by .. 
Mega = 10° and represented by ~.. 





Giga = 10” and represented by 
‘Tera = 10" and represented by ......T 
Thus mega newton means 10^ newton and is represented by MN. Similarly, giga newton means 10” N 
and is represented by GN. The symbol TN stands for 10" N. 
‘The small quantities are represented by milli, micro, nano and pico. They are equal to 
Milli = 10? and represented by .....m 
Micro = 10 and represented by ...... 
Nano = 10” and represented by .......n 
Pico = 10°? and represented by ......p. 
‘Thus milli newton means 10° newton and is represented by mN. Micro newton means 10“ N and is 
represented by pN. 
‘The relation between kilogram force (kgf) and newton (N) is given by One kgf = 9.81 N 
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Weight of a body is the force with which the body is attracted towards earth. If W = weight of a body, 
m = mass in kg, then W = mx g Newtons 
If mass, m of the body is 1 kg, then its weight will be, 
We 1 (ig) x981 5 =981 N. ( Nekg 


1.4. TRIGONOMETRIC FORMULAE AND EXPRESSIONS 
‘The following are the trigonometric formulae in a right-angled triangle ABC of Fig. 1.7. 





aude a AB 
(sin = 2C (i cos =F - 


AC 
Gi) tan 0= 45 
(iv) sin (A + B) = sin A cos B + cos A sin B 
(v) sin (A — B) = sin A cos B — cos A sin B 
(vi) cos (A + B) = cos A cos B — sin A sin B 
(vil) cos (A — B) = cos A cos B + sin A sin B 














A sun B 
(0 $= Oe aS 
: tan A ~tan B 
Gan A-B) anA tan 5 = ^ 
U) sin24 2 2sinA cos A Far 
(x) sin? 0 cos? 0.2 1. 


15 DIFFERENTIATION AND INTEGRATION 
1.5.1. Differentiations. (i Differentiation of a quantity (say A) with respect to x is written as 
íi (A) or. a 
w deh nad yen! and £o 
(i) 4 e+ S24 Ree 5) x8 
(s) $E (4) = Oas differentiation of constant is zero. 


Mgusu Zev dt [when u and v are functions of x] 
(Ci) Differentiation of trigonometrical functions 

Zins) = cos 

(cos) =-sinx 


d 
nsus 
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1.5.2, Integrations. (i) Integration of a quantity (say A) with respect to x is written as f Adx. 
Pad m 
(frac (ii fade = 4x 
P 4 (8r & S'*! 
mfes d= [TETTE 
Problem 1.1. Two forces of magnitude 10 N and 8 N are acting at a point. If the angle between the 
wo forces is 60°, determine the magnitude of the resultant force. 


Sol. Given : 
Force P=10N 
Force Q=8N 


Angle between the two forces, a = 60" 
The magnitude of the resultant force (R) is given by equation (1.1) 


Rz VP! ++ 2PQ cosa = V10 + 8+ 2x 10x 8 x cos 60" 
=V100 + 64+ 2% IDx 8x1 


= VIO + 64 + BO = VIAF = 15.62 N. Ans. 

Problem 1.2. Two equal forces are acting at a point with an angle of 60° between them. If the resultant 
force is equal to 20 x V3 N, find magnitude of each force. 

Sol. Given: Angle between the force, a = 60° 

Resultant, Re20xV3 

The forces are equal. Let P is the magnitude of each force. 

Using equation (1.3), we have 

a 

2 


sap opes (* 08 30° = 











R=2PeosS or 20 «oben ( F) ares 








=20N. 


~. Magnitude of each force = 20 N. Ans. 
Problem 1.3. The resultant of the two forces, when they act at an angle of 60° is 14 N. If the same 
forces are acting at right angles, their resultant is V136 N. Determine the magnitude of the two forces. 





Sol. Given: Casel 

Resul R= 14N 
Angle, a6 
Case IT 

Resultant,  Rz= VI36N 
Angle, a=9° 


Let the magnitude of the two forces are P and Q. 
Using equation (1.1) for ease I. 


R=VPs Qs 2P0csa 
or I4 e VP! e QH e 2PQ x cos 6” =VP Q' e2PQ x Y 


or ne VP PO. 


or 


or 


or 
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Squaring, 196 = P «Q'«PQ NI 
Using equation (1.2 A) for case Il, 

R=VP+@ or VIG SVP? 

1362P (Squaring both sides) (i) 
Subtracting equation (i) from equation (i), we get 

196—136 =P? « Q + PQ- (P+O) 

60 PQ iii) 
Multiplying the above equation by two, we get 120 = 2PQ flv) 
Adding equation (iv) to equation (ii), we get 136 + 120 = P?- 

2562 P'«Qé2PQ or (169! =(P+ QJ 








16=P+Q 
A P=(16-Q) E 
‘Substituting the value of P in equation (iii), we get 
60«(16-Q)xQ«16Q-Q! or Q!-160«60«0 
© This is a quadratic equation. 
= 62V I)-4»60 | 162 VBE- | 1624 
2 4 


1644 16 
t3. 9.3 
‘Substituting the value of Q in equation (v), we get 
P= (16-10) or (16-6) = 6or 10. 
^. Hence the two forces are 10 N and 6 N. Ans, 
Problem 1.4. Two forces are acting at a point O as shown in Fig. 1.8. Determine the resultant in 


4 








= 10and6. 


‘magnitude and direction. 


Qg ioon 





Fig 18 Fig 19 
Sol. Given : 
Force P= SON, Force Q = 100N 
Angle between the two forces, «= 30° 
The magnitude of the resultant R is given by equation (1.1) as 


Rz VP + Q? + 2PQ cosa = VSU + 1007 +2 x 50 x 100 x cos 30° 
ISO 100007 8660 = VIITED = 145.46 N. Ans. 
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The resultant R is shown in Fig. 1.9. 
The angle made by tant with the direction of P is given by equation (1.2) as 





E Lus ( 2sine -1 ( 100 x sin 30° 
d SENS (Fisa): iw (sr osa s 
= ta^! 0.366 = 20.10* 

^. Angle made by resultant with x-axis = 0 + 15° = 20.10 + 15 = 35.10". Ans. 
Problem L.S. The resultant of two concurrent forces is 1500 N and the angle between the forces is 90°. 
The resuliant makes an angle of 36° with one of the force. Find the magnitude of each force. 
Sol. Given : 
Resultant, R = 1500 N 
Angle between the forces, a = 90° 
Angle made by resultant with one force, 0 = 36* 
Let P and Q are two forces. 
s iti ses. 
Using equation (12) an0 = , OT 
" s. Qin — Qx1 Q -Q 
or tan 36° = Pe Q cm 99 7 P+Qx0 =p | 0.726. 
or 0=0.726P EO 
Using equation (1.1), R= VP? + Qi + 2PQ cosa 
or Rè =P? 4+ Q? + 2PQ cosa 
or 1500? = P! + (0.726P)! + 2P(0.726P) x cos 90° v Qe0326P) 
$ 1500? = P! + 0.527P°+ 0 (^ cos90°=0) 
E P 


p. VAS. , 180. i gg 


152 ^12357 
Substituting the value of P in equation (i), we get 

Q = 0.726 x 1213.86 = 881.26 N. Ans. 
Alternate Method. Refer to Fig. 1.9 (a). Consider triangle OAC. 
Using sine rule, we get 
sin 90° 











36° _ sin 54° 
Q P 





or 





Rsin36* 
sin 90* 


or Q= 


= 15000587 1 881.67 N. Ans. 
sin 90° _ sin s4 

RUP Fig 196) 
Rsin 54° _ 1500x0.8000 


(where R = 1500 N) 





Also, we have $220 
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Sol. Give: 





Weight at C = 15 N 
£OAC = 60" 
LCBD = 45° 

Le T, = Force in string BC 
Ta = Force in string AC 
Ist Method 
Using Lami’s theorem at C 
15 T" 
Sin of ZBCA ^ sin of LACE 
But LBCA = 45° + 30° = 75° 
LACE = 180° - 30* = 150° 
ns 
15 7. — 
d Sin 75° 7 sin 150* ^ sin 135° 





‘of ACE 














15 x sin 150° 
T, SEO 2 776N. Ans. 





and T," xsi 13S" | 10.98 N, Ans. 


L3 
2nd Method 
‘The point C is in the equilibrium. The forces acting at C are 15 N, Ty and Tz- 
Resolving all forces at C in the horizontal direction 


T,sin45* = Tasin30° or nagxi 





s TT Re VEXT, EZ 


Resolving all forces at C in the vertical direction, 
T, cos 45° + T; cos 30° = 15 





1 5 
or Tp uis 
‘Substituting the value of T; from equation (i) into equation (i), 





nagin E 








7, | 51 
or Bg 
or T, eV3T,215x V2 or Ty (1e V3)e 15x VE 
. 15xVI _ 
ty Tey ATTEN. Ans. 


Substituting this value of T, in equation (i), we get 
T; VE x T, = VE x 7.76 = 10.98 N. Ans. 
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1.6. RESOLUTION OF A FORCE 
Resolution ofa force means “finding the components 
ofa given force in two given directions.” 
Let a given force be R which makes an angle 0 with 
X-axis as shown in Fig. 1.14. It is required to find the com- 
ponents of the force R along X-axis and Y-axis. 
Components of R along X-axis = R cos 6. 





Component of R along Y-axis = R sin 8. o CUT TENEO x 
Hence, the resolution of forces is the process of find- 
ing components of forces in specified directions. Fig 1.14 


1.7. RESOLUTION OF A NUMBER OF COPLANAR FORCES 
Let a number of coplanar forces (forces acting in one plane are called co-planar forces) Ry, Ry, Ry, 
are acting at a point as shown in Fig. 1.15. 
Let 0, = Angle made by Ry with X-axis 
ngle made by Ra with X-axis 
©, = Angle made by Ry with X-axis 
H = Resultant component of all forces 
along X-axis 
V= Resultant component of all forces 
along Y-axis 
R= Resultant of all forces 
0 « Angle made by resultant with X-axis. 
Each force can be resolved into two components, one 
along X-axis and other along Y-axis. 
‘Component of R; along X-axis = R; cos 0, 
Component of R; along Y-axis = R; sin. 
Similarly, the components of Rz and Ry along X-axis and Y-axis are (Ry cos Oz, Rp sin 0,) and (Ry cos 
Ps, Ry sin 0) respectively. 
Resultant components along X-axis 
= Sum of components of all forces along X-axis. 
D. H = Ry cos 0, + Ra cos 6; + Ry cos Os +... (1.6) 
Resultant component along Y-axis. 
= Sum of components of all forces along Y-axis. 











& V= Ry sin 6, + Ra sin 0; + Ry sins + ~ 202) 

‘Then resultant of all the forces, R = VH? + V (1.8) 

"The angle made by R with X-axis is given by, tan 0 = X (19) 

Problem 1.10. Two forces are acting at a point O as shown in Fig. 1.16. Determine the resultant in 
‘magnitude and direction. 


Sol. The above problem has been solved earlier. Hence it will be solved by resolution of forces. 
Fore P= 50 Nand force Q = 100 N. 
Let us first find the angles made by each force with X-axis. 
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‘Angle made by P with x-axis = 15* 
‘Angle made by Q with x-axis = 15 + 30 e 45* 
Let H = Sum of components of all forces along X-axis. 
V = Sum of components of all forces along Y-axis. 
The sum of components of all forces along X-axis is given 
by, 
H = P cos 15* + Qcos 4S* 
= 50 x cos 15° 100 cos 45° = 119 N 
‘The sum of components of all forces along Y-axis is given by, 
V=Psin 15° + Qsin 45° 
= 50 sin 15° + 100 sin 45° = 83.64 N 
The magnitude of the resultant force is given by equation (1.8), 


Re VH eV = VIS + 83.68 = 14546 N. Ans. 
V _ 83.64 


“The direction of the resultant force is given by equation (1.9), tan 8 = 7 = ^15 








= 35.10", Ans. 


Here 0 is the angle made by resultant R with x-axis. 
Problem 1.11. Three forces of magnitude 40 kN, 15 kN and 20 kN are acting at a point O as shown in 
Fik 1.17. The angles made by 40 KN, 15 kN and 20 kN forces with X-axis are 60°, 120° and 240" respectively. 
Determine the magnitude and direction of the resultant force. 
Sol. Given : 
Ry = 1OKN, 0, = 60" 
R= 15 KN, 03 = 120° 
Ry 20 KN, 0, = 240° 
‘The sum of components of all forces along X-axis is given by 
efuation (1,6) as 
H = Ry cos 8, + R cos 83 + Ry cos 6 
= 40 x cos 60° + 15 x cos 120° + 20 x cos 240° 
= 40x44 15x (=$) +20% (=i) 
= 20-75-10 =2.5 KN. 
‘The resultant component along Y-axis is given by equation (1.7) 
as V= Ry sin 0, + Ra sin 0; + Ry sin Oy 
= 40 x sin (60°) + 15 x sin (120*) + 20 x sin (240°) 
orfes eme (22) 
220x V3 +75 x V3 - 10x V5 = 17.5 x V kN = 30.31 KN. 
The magnitude of the resultant force is given by equation (1.8) 
R=ViP +P = V257% 30317 = 30.41 KN. Ans. 
The direction of the resultant force is given by equation (1.9) 
y _3031 


DES 712124 = tan 85.28" 














tan @ = 





eRe 


LES 


9. 


10, 
u. 


m 


[3 
16. 


L 
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‘According to Lamis theorem, “If three forces acting 
the sinc of the angle between the other two forces." 
The relation between nemon and dya is given by One newion = 10° dyae. 
Moment of a force about a point = Force x perpendicular distance of the line of action of the force from that point. 
The force causes linear displacement while moment causes angular displacement. A body will be in equilibrium 
if @ resultant force in any direction is zero and (if) the net moment of the forces about any point is zero. 
Gravitational law of auraction is given by, 


7 
where G = Universal gravitational constant. 


a point are equilibrium, each force will be proportional to 











F=G 











EXERCISE 1 











(A) Theoretical Problems 


What do you mean by scalar and vector quantities ? 
Define the law of parallelogram of forces. What is the use of this Jaw ? 
State triangle law of forces and Lam's theorem. 
Two forces P and Q are acting at a point in a plane. The angle between the forces is ‘a’. Prove that the resultant 
(R) of the two forces is given by R = VP? +0" + 2PQ cosa. 
Define the following terms : dyne, newton, meganewion and moment of a force. 
Prove that one newton is equal to 10° dyne. 
Explain the terms : clockwise moments and anti-clockwise moments. 
What is the effect of force and moment on a body ? 
Indicate whether the following statement is tre or false. 
“The resultant components of the forces acting on a body along any direction is zero but the net moment of the 
forces about any point is not zero, the body will be in equilibrium’. (Ans. False] 
Write the S.L. units of: Force, moment and velocity. 
What do you mean by resolution of a force ? 
A number of coplanar forces are acing at a point making different angles with x-axis. Find an expression for the 
resultant force. Find also the angle made by the resultant force with x-axis. 
‘State and explain the pinciple of transmissibility of forces. 
‘State and explain the following laws : 
(D) Newton's laws of motion. 
(i) The gravitational law of attraction. 
Using gravitation law of attraction, prove that W = m x g. 
Explain fully the following terms : 
(Ð Resolved part of a given force in a given direction. 
(i) Lami’s theorem. 


(B) Numerical Problems 


Determine the magnitude of the resultant of the two forces of magnitude 12N and 9 N acting ata point ifthe angle 
between the two forces is 30°. (Ans. 20.3 N) 
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Find the magnitude of two equal forces acting ata point with an angle of 60° between them, if the resultant is equal 


1030xV3 N. Ans, 30N] 
“The resultant of two forces when they act at right angles is 10 N, whereas when they act at an angle of 60” the 
resultants is VTAB . Determine the magnitude of the two forces. [Ans 8 N and 6 N] 


"Three. forces of magnitude 30 kN, 10 kN and 15 kN are acting at a point O. The angles made by 30 KN force, 
TOKN force and 15 KN force with x-axis are 60°, 120" and 240° respectively. Determine the magnitude and direction 
of the resultant force. [Ams 21.79 kN, 83° 24] 
‘A weight of 800 N is supported by two chains as shown in Fig. 1.26. Determine the tension in each chain. 

[Ans 2735 N, 751.7] 
‘An electric light fixture weighing 20 N hangs from a point C, by two strings AC and BC. AC is inclined at 60° to 
the horizontal and BC at 30° to the vertical as shown in Fig. 1.27. Using Lami’s theorem or otherwise determine 
the forces in the strings AC and BC [Ans. 8.929 N, 13.05 N] 





Fig. 1.26 Fig 1.27 

‘A beam AB of span 6 m carries point load of 100 N at a distance 2 m from A. Determine the beam reaction. 
(Ans. Ry = 66.67 N ; Ry = 33.33 N] 

Four forces of magnitudes 20 N, 30 N, 40 N and SO N are acting respectively along the four sides of a square taken 

in order. Determine the magnitude, direction and position of the resultant force. 


‘Ans. 20 x VEN, 225%, =e 


“Two forces magnitude 15 N and 12 N are acting at a point. If the angle between the two forces is 60", determine 
the resultant of the forces in magnitude and direction. [Ans 23.43 N, 263") 
Four forces of magnitude P, 2P, 3 x VSP and 4P are acting at a point O. The angles made by these forces with 

are 0°, 60°, 150° and 300° respectively. Find the magnitude and direction of the resultant force. 
Ans. P, 1200] 
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Coplanar Collinear and Concurrent Forces 








2.1. INTRODUCTION 
Coplanar forces means the forces in a plane. The word collinear stands for the forces which are having 
immon lines of action whereas the word concurrent stands for the forces which intersect at a common poi 
When several forces act on a body, then they are called a force system or a system of forces. In a system in 
which all the forces lie in the same plane, it is known as coplanar force system. Hence this chapter deals with 
a system of forces which are acting in the same plane and the forces are either having a common line of action. 
intersecting at a common point. 

2.2, CLASSIFICATION OF A FORCE SYSTEM 

A force system may be coplanar or non-coplanar. If in a system all the forces lie in the same plane then 


the force system is known as coplanar. But if in a system all the forces lie in different planes, then the force 
system is known as non-coplanar. Hence a force system is classified as shown in Fig. 2.1. 




















Force System. 
1. Coplanar 2. Non-coplanar 
Collincar. Concurrent Parallel Non-concurtent 
Non-parailel 
Concurrent Parallel Non-concurrent 
Non-porallel 
Fip24 
In this chapter, we shall discuss only coplanar force system, in which the forces may be : 
(i) Collinear 
(iv) Non-concurrent, non-parallel (or General system of 
forces). 
2.2.1. Coplanar Collinear. Fig. 2.2 shows three forces 7 z 
1 3 


Fy, Fyand Fyacting ina plane. These three forces are in the same 
line że., these three forces are having a common line of action. 


This system of fores is known as coplanar collinear foree — jj ConanarClincar Forces: 


24 
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system. Hence in coplanar collinear system of forces, all 
the forces act in the same plane and have a common line 
of action. 


2.2.2, Coplanar Concurrent. Fig. 2.3 shows three 
forces Fi, Fz and Fs acting in a plane and these forces 
intersect or meet at a common point O. This system of 
forces is known as coplanar concurrent force system. 
Hence in coplanar concurrent system of forces, all the 
forces act in the same plane and they intersect ata common 
point. 

2.2.3. Coplanar Parallel. Fig. 2.4 shows three 
forces Fi, F and Fy acting in a plane and these forces are 
parallel, This system of forces is known as coplanar paral- 
lel force system. Hence in coplanar parallel system of 
forces, all the forces act in the same plane and are parallel. 


2.2.4, Coplanar Non-concurrent Non-parallel, a 
«2,5 shows four forces Fi, Fa Fy and Fy acting in a 5 

plane. The lines of action of these forces lie in the same n 
plane but they are neither parallel nor meet or intersect at 

à common point. This system of forces is known as Fig. 24. Coplanar Parallel Forces. 
‘coplanar non-concurrent non-parallel force system. Hence 
in coplanar non-concurrent non-parallel system of forces, 
all the forces act inthe same plane but the forces are neither 
parallel nor meet at a common point. This force system 
also known as general system of forces. 





Fig. 2.3. Concurrent Coptanar Forces, 














2.3. RESULTANT OF SEVERAL FORCES 


When a number of coplanar forces are acting on a 
rigid* body, then these forces can be replaced by a single 
force which has the same effect on the rigid body as that 
of all the forces acting together, then this single force i 
known as the resultant of several forces. Hence a single 
force which can replace a number of forces acting on a 
rigid body, without causing any change in the external Fig. 2.5. Non-concurrent Non-parallel. 
effects on the body, is known as the resultant force. 





24. RESULTANT OF COPLANAR FORCES 
The resultant of coplanar forces may be determined by following two methods : 
1. Graphical method 
2. Analytical method. 








gid body is a body which does not deform under the action of loads or extemal forces. In case of rigid body, 
the distance between any two points of the body remains constant, when this body is subjected to loads. Though all the 
bodies do deform to same extent under the action of loads, bat in many situation, this deformation is negligible small 
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The resultant of the following coplanar forces will be determined by the above two methods : 
(i Resultant of collinear coplanar forces 
(ii) Resultant of concurrent coplanar forces. 


2.5. RESULTANT OF COLLINEAR COPLANAR FORCES 

As defined in Art. 22.1, collinear coplanar forces are those forces which act in the same plane and 
have a common line of action. The resultant of these forces are obtained by analytical method or graphical 
method, 

2.5.1. Analytical method. The resultant is obtained by 
adding all the forces if they are acting in the same direction. If 
any one of the forces is acting in the opposite direction, then 
resultant is obtained by subtracting that force. 

Fig. 2.6 shows three collinear coplanar forces F, Fzand Ñi " 
Fy acting on a rigid body in the same direction. Their resultant. 
R will be sum of these forces. 

R=F\ +Fp+Fy 42.1) R26 

If any one of these forces (say force F3) is acting in the 
‘opposite direction, as shown in Fig. 2.7, then their resultant will 
be given by 

Ra Fy- Fzt Fy -22 

2.5.2. Graphical Method. Some svitable scale is chosen " Fy 
and vectors are drawn to the chosen scale. These vectors are 
added/or subtracted to find the resultant. The resultant of the 
three collinear forces F;, Fz and F acting in the same direction Fig.2.7 
will be obtained by adding all the vectors. In Fig. 2.8, the force 
Fy = abto some scale, force Fz = be and force Fe cd.Thenthe Ft Fa Fay 
length ad represents the magnitude of the resultant on the scale @ b c d 


chosen. R= Fi+Fo+Fs 


‘The resultant of the forces F,, F' and Fs acting on a body 


shown in Fig. 2.7 will be obtained by subtracting the vector F3. Fig 28 
‘This resultant is shown in Fig. 2.9, in which the force F; = ab to r f 
some suitable scale. This force is acting from a to b. The force esatta 


Fz is taken equal to bc on the same scale in opposite direction. 9 
"This force is acting from b to c. The force F3 is taken equal io — |a. — ReFi7F2-tFs e] 
cd. This force is acting from c to d. The resultant force is 
represented in magnitude by ad on the chosen scale. Fig 29 

Problem 2.1. Three collinear horizontal forces of magnitude 200 N, 100 N and 300 N are acting on à 
rigid body, Determine the resultant of the forces analytically and graphically when 

(Ð all the forces are acting in the same direction, 

Gi) the force 100 N acts in the opposite direction. 

Sol. Given: F; = 200 N, F} = 100 N and Fy = 300 N 

(a) Analytical Method 

i) When all the forces are acting in the same direction, then resultant is given by equation (2.1) as. 

R=F,+Fz+Fy=200+100+300=600N. Ans. 
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(ii) When the force 100 N acts in the opposite direction, then resultant is given by equation (2.2) as. 
R =F, + F;+ F,= 200-100 + 300=400N. Ans. 





(6) Graphical Method 
Select a suitable scale. Suppose 100 N = 1 em. Then to this scale, we have 
200 
Fj= MB e2em, 
w, pnn oe) 
iai an a d 


and 





(Ð When all the forces act in the same direction. 
Draw vectors ab = 2 em to represent Fy, 
vector be = 1 em to represent Fz and vector 
cd = 3 cm to represent Fs as shown in Fig. 
Measure vector ad which represents the resultant. 
By measurement length ad = 6 em 
Resultant = Length ad x chosen scale (Ce Chosen scale is 1 cm = 100 N) 
6x10» 600N. Ans. 
(i) When force 100 N = F» acts in the opposite direction 
Draw length ab = 2 cm to represent force F, 
From b, draw be = 1 cm in the opposite di to n Fy 
represent Fz. From c draw cd = 3 cm to represent Fz as shownin — 92791 — —— 9. 
Fig. 2.10(4). a ch b 4 
Measure length ad. This gives the resultant. 
By measurement, length ad = 4 cm 
Resultant = Length ad x chosen scale. 
=4%100=400N, Ans, 


2.6, RESULTANT OF CONCURRENT COPLANAR FORCES 

‘As defined in Art. 22.2, concurrent coplanar forces are those forces which act in the same plane and 
they intersect or meet at a common point. We will consider the following two cases : 

(i) When two forces act at a point 

(di) When more than two forces act at a point. 

2.6.1. When two forces act at a point 

(a) Analytical Method 

In Art. 1.2.4, we have mentioned that when two forces act at a point, their resultant is found by the law 
‘of parallelogram of forces. The magnitude of resultant is 
‘obtained from equation (1.1) and the direction of resultant with 
‘one of the forces is obtained from equation (1.2). 

‘Suppose two forces P and Q act at point O as shown in 
Fig. 2.11 and a is the angle between them. Let @ is the angle 
made by the resultant R with the direction of force P. 

Forces P and Q form two sides of a parallelogram and 
according to the law, the diagonal through the point O gives 
the resultant R as shown. 
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The magnitude* of resultant is given by 
Rz VP « Q e2PQ cosa. 


The above method of determining the resultant is also known as the cosine law method. 
‘The direction* of the resultant with the force P is given by 
ace ( sina ) 
P+Qeosa 
(b) Graphical Method 
(i) Choose a convenient scale to represent the forces P and 
Q. 
(ii) From point O, draw a vector Oa = P. 
(ili) Now from point O, draw another vector Ob = Q and at 
an angle of c as shown in Fig. 2.12. 
(iv) Complete the parallelogram by drawing lines ac || to 
Ob and be | to Oa. 
(v) Measure the length OC. 
Then resultant R will be equal to length OC x chosen scale. 
(vi) Also measure the angle 0, which will give the direction of resultant. 
‘The resultant can also be determine graphically by drawing a triangle oac as explained below and 








(i) Draw a line oa parallel to P and equal to P. 
(i) From a, draw a vector ac at an angle a with the e 
horizontal and cut ac equal to Q. 


(i) Join oc. Then oc represents the magnitude and A 
direction of resultant R. ^ 
Magnitude of resultant R= Length OCx chosen scale. 
The direction of resultant is given by angle 8. Hence measure ° e 9 
the angle 0. as 
2.6.2. When more than two forces act at a point i 
(a) Analytical Method 


The resultant of three or more forces acting at a point is found analytically by a method which is known. 
as rectangular components methods (Refer to Art. 1.7). According to this method all the forces acting at a point 
are resolved into horizontal and vertical components and then algebraic summation** of horizontal and vertical 
components is done separately. The summation of horizontal component is written as ZH and that of vertical 
as EV. Then resultant R is given by 


o R= VEH EVF. 
The angle made by the resultant with horizontal is given by 
tang GU 
Gn 
Let four forces Fy, Fs, Fy and Fs act at a point O as shown in Fig. 2.14. 











"Refer Art. 1:24, for the derivation of magnitude and direction of resultant on page 1- 

**Summation means addition. Algebraic summation of horizontal components means that if all the horizontal 
components are in the same direction then they are added. But if onc horizontal component is in opposite direction then it 
is subtracted. 
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Fig 2.14 [án 





Fig. 2.14 (6) Fig. 2.1446) Fig 2.18) 

‘The inclination of the forces is indicated with respect to horizontal direction. Let 

6, = Inclination of force F; with OX 
3 = Inclination of force Fz with OX” 
B= Inclination of force F with OX” 
(04 = Inclination of force Fa with OX. 

The force Fis resolved into horizontal and vertical components and these components are shown in 
Fig. 2.14 (a). Similarly, Fig. 2.14 (6), (c) and (d) shows the horizontal and vertical components of forces Fz, 
F; and Fs respectively. The various horizontal components are = 

F, cos 8, — (+) 
F008 0; (-) 
Fyeos 0 = (-) 
F,cos 8, (+) 
Summation or algebraic sum of horizontal components : 
XH = F, cos 0, — Fz cos 6;— Fs cos 05 + Fa cos Ou 
Similarly, various vertical components of all forces are : 
Fy sin ®, t (+) 
F sin ®t (+) 
Fysin ® LC) 
Fassin% 1 C) 
‘Summation or algebraic sum of vertical components : 
EV =F; sin 8, + Fp sin 05— Fs sin 0, — Fy sin 04 
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Then the resultant will be given by R = V(EH). + (EVF (2.1) 
And the angle (0) made by resultant with x-axis is given by tan 9 = S 2) 
(b) Graphical method 


The resultant of several forces acting at a point is found graphically with the help of the polygon law 
of forces, which may be stated as 

“If a number of coplanar forces are acting at a point such that they can be represented in magnitude 
and direction by the sides of a polygon taken in the same order, then their resultant is represented in magnitude. 
and direction by the closing side of the polygon taken in the opposite order. 

Let the four forces Fy, Fa Fy and F act at a point O as shown in Fig. 2.15. The resultant is obtained 
raphically by drawing polygon of forces as explained below and shown in Fig. 2.15 (a). 








F c 
2 n F 
F, 2 
a b 
LA 1 
D Br 
s 4 RESULTANT 
Fig 215 (a) 





(i) Take any point a. From a, draw vector ab parallel to OF. Cut ab = force F; to the scale. 
(id) From point b, draw bc parallel to OF. Cut bc = force Fz. 
(iv) From point C, draw cd parallel to OF Cut cd = force Fy. 
(V) From point d, draw de parallel to OF. Cut de = force Fy. 
(vi) Join point a to e. This is the closing side of the polygon. Hence ae represents the resultant in 
‘magnitude and direction. 
Magnitude of resultant R = Length ae x scale. 
‘The resultant is acting from a to e. 
Problem 22. Two forces of magnitude 240 N and 200 N are acting at a point O as shown in Fig. 2.16. 
Ifthe angle between the forces is 60°, determine the magnitude of the resultant force. Also determine the angle 
P and y as shown in the figure. 





GF 


Ce 
<i CIC 


o P 





Fig.2.16 (@) 
Sol. Given : 
Force P=240N,Q=200N 
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Angle between the forces, a = 60* 
The magnitude of resultant R is given by, 


Rz VP! « Q? + 2PQ cos a = V240? + 200 +2 x 240 x 200 x cos 60° 




















= V57600 + 40000 + 48000 = 381.57 N. Ans. 
Now refer to Fig. 2.16 (a). Using sine formula, we get 
E << © 
sin” siny ` sin (180° —a) I 
or iz. 
sinB 
sin p= PSN URE o1, 240500060 P =240N, = 60°, R= 381.57 N) 
= 240x sin 120" 
3515] OST 
be f= sin-!0.5847=33", Ans. 
lion (i ZEE EN 
From equation (), also we have <2 = <a 
. iny = Qin (180 ~a) 
e siny = 22008 
= 200sia (180-60) „ 200 sin 120° a (i 
7 3857 — 38137 


^ y= sin"! 0.4539 = 26.966". Ans. 
Problem 2.3. Two forces P and Q are acting at a point Q as shown in Fig. 2.17. The resultant force 
is 400 N and angles B and y are 35° and 25° respectively. Find the two forces P and Q. 





Fig. 217 Fig. 217 (0) 
Sol. Given : 

Resultant, R=400N 

Angles, B=35°,y=25* 





Angle between the two forces, a = B + y = 35° + 25° = 60° 
Refer to Fig. 2.17 (a). Using sine formula for AOAC, we get 








PQ I RO NI 
sinp siny ^ sin (180 - a) 
P R 


Sin sin(180- a) 
RsimB | 400xsin35* 

= sin (180 —a) ` sin (180 — 60) 

400 x 0.5736 
0.866. 





-16493N. Ans. 
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Milk endi wee na cR 


Siny” sin (180—a) 


195.19 N. Ans. 





Problem 24. Two forces P and Q are acting at a point O as shown in Fig. 2.18. The force P = 240 N 
und force Q = 200 N. If the resultant of the forces is equal to 400 N, then find the values of angles B, and a. 








Sol. Given : 
Forces, P=240.N,Q=200N s " 
Resuam. — Re400N 
Let B = Angle between Rand Q, 
‘y= Angle between R and P. 
From Fig, 2.18, it is clear that, a = B + y- 
Let us first calculate theangle a (że.,anglebetween — O Pa 


the two forces). 
Using the relation, 


RaVP +O + 2PQeosa or R? = P? + 0? +2PQ cosa 





or 400? = 2407 + 200? + 2 x 240 x 200 x cos «x 
or 16000 = 57600 + 40000 + 96000 x cos a 
16000 - 57600 — 40000. 
osas S =065 


aa = cos"! 0.65 = 49.458° = 49° (0.458 x 60) = 49° 27.5" 
Now using sine formula for AOAC of Fig. 2.18, we get 


P QR 


= Siny ~ sin (180 - a) 


"—— 
Sin B ^ sin (I80 — a) 


Psin(I80- a) _ 240 sin (180 - 49.458) 
$ sinp = ri - = 





or 


(oP =240, a = 49.458") 
= 240 sin (130.542) _ 9 soy 


400 
B = sin?! 0.4550 = 27.12". Ans. 
R 
Atso from equation (), we have -= ES 
siny = Qin (180 ~a) _ 200 x sin (180 - 49.458 
MT R E 400 
2 sin (130542). 9 5799 


400 
A sin 0.3799 = 22.33". Ans. 


Problem 2.5. A force of 100 N is acting at a point making an angle of 30° with the horizontal. 
Determine the components of this force along X and Y directions. 
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Sol. Given : 
Force, F=W0N 
Angle made by F with horizontal, 0 = 30* 
Let F, = Component along x-axis 
F, = Component along y-axis 
‘Then F,= F cos B = 100 cos 3P 
= 100 0366 
= 86.6N. Ans 
and Fy = F sin @ = 100 sin 30° 





= 100%05=50N. Ans 
Problem 2.6. small block of weight 100 N is placed on an inclined plane which makes an angle 
10° with the horizontal. What is the component of this weight ; (ii) parallel to the inclined plane and (iii) 
perpendicular to the inclined plane ? 
Sol. Given : 

Weight of block, W= 100 N 

Inclination of plane, 8 = 30° 

The weight of block W= 100 N is acting venti- 
cally downwards through the C.G. of the block. 
Resolve this weight into two components ie.. one per- 
pendicular tothe inclined planc and other parallel tothe 
inclined plane as shown in Fig. 2.20. The perpendicular 
(normal) component makes an angle of 30° with the 
direction of W. 

Hence component of the weight perpendicular to the inclined plane 

= Woos 30° = 100 x 0.866 = &66N. Ans. 
Component of the weight (W) parallel to t icd plane 
= Wsin 30° = 100x 0.52 50N. Ans. 

Problem 2.7. Fig. 2.21 shows a particular position of the connecting rod BA and crank AO. At this 

position, the connecting rod of the engine exerts a force 2500 N on the crank pin at A. Resolve this force into 


horizontal and vertical components at A. Also resolve the given force at A along AO and along a direction 
perpendicular to AO. 








INCLINED. 





W=100N 


Fig. 220 











Sol. Given : 
Length BA 50cm 
Length AO 2 25cm. 





Fig.221 
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Force exerted by connecting rod BA at A = 2500 N. This force is acting along BA at point A. 
Let a = Angle made by BA with horizontal. 
This angle can be calculated by drawing a perpendicular AC from point A on the horizontal axis. Now 
the side AC is common in triangles ABC and AOC. 
AC 











Intriangle ABC, sina =45 or AC=ABsina=S0sina C AB=50) 
In triangle AOC, inas = AC or AC=AO sin 4S* = 25 sin 45° (7 A0=25) 
Equating the two values of AC, we get S0 sin a = 25 sin 45° 

sina = 55045" 293535 or assin? 0.3535 = 20.7" 
Now the force 2500 N is acting along BA at point A as shown in Fig. 221 (a). 
Horizontal component of this force at 
A = 2500 cos a 20s 
= 2500 cos 20.7° f 
= 2338.61. Ans. & sp 
Vertical component = 2500 sin a 1 00N 
= 2500 x sin 20.7 é og 
=883.75N. Ans. 
Ind Part. Fig.22 (0) 


‘The force of 2500 N is acting along BA at point A as shown in Fig. 2.21 (P). This force at point A is 
represented by AD. Hence BAD is a straight line. Resolve 
the force AD along AO and perpendicular to AO że., in the 
direction AE where AE is perpendicular to AO at point A. 





Now angle OAD 245 +20.7 = 65.7° 
‘Component of force AD along 
AO = AD cos 65.7* 
= 2500 cos 65.7* 


2102878N. Ans. 
‘Component of force AD along AE = AD sin 65.7* 
22500 x sin 65.7 
=22785N. Ans. 
Problem 2.8. The four coplanar forces are acting at 
a point as shown in Fig. 2.22. Determine the resultant in 
‘magnitude and direction analytically and graphically 


Sol. Given : 

Forces, F, =104N, 
Fj2156N, 
F,=252N, and 
Fy=228N. 


(a) Analytical Method. Resolve each force along 
horizontal and vertical axes. The horizontal components 
along OX will be consideredas +ve whereas along OX as—ve. 
Similarly, vertical components in upward direction will be 
+ve whereas in downward direction as ~ve. 





COPLANAR COLLINEAR AND CONCURRENT FORCES 


i) Consider force F, = 104 N. Horizontal and vertical 
‘components are shown in Fig. 2.22 (a). 
Horizontal component, 
Fx = F, cos 10° = 104 x 0.9848. 
=10242N 
Vertical component, 
Fy, = F, sin 10° = 104 x 0.1736 
= 1806N. 
(ii) Consider force Fz = 156 N. Horizontal and vertical 
components are shown in Fig. 222 (b). 
Angle made by Fz with horizontal axis 
OX = 90-24 = 66° 
intal components, 
Fry = Fs cos 66° = 156 x 0.4067 
=6344N. 
M is negative as it is acting along OX". 
Vertical component, 
Fyz = Fzsin 66° = 156 x 09135 
=14250N. (ve) 
(i) Consider force Fy = 252 N. Horizontal and vertical 
‘components are shown in Fig. 2.22 (c). 
Horizontal component, 
Fxy = Fy cos 3° = 252 x 0.9986 





Hori 


=251.64N. (ve) 
Vertical component, 
Fys = Fy sin 3° = 252 x 0.0523 
=1318N. (ve) 


(iv) Consider force F, = 228 N. Horizontal and vertical 
components are shown in Fig. 2.22 (d). 
Angle made by F, with horizontal 
OX =%9-9=81 
Horizontal component, 
Fx,» Fy cos 81° = 228 x 0.1564 
=35.66N (ve) 
Vertical component, 
Fyq = Fy sin 81° = 228 x 0.9877 
=2252N. Co) 
Now algebraic sum of horizontal componentsis givenby, 
XH = Fx, - Fxz- Fs - Fx 
1024 — 63.44 251.64 ~ 35.66 
—24832N. 
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— ve sign means that EH is acting along OX" as shown in Fig. 2.22 (c). 
Similarly the algebraic sum of vertical components is given by, 
EV = 18.06 = 142.50 + 13.182252 
=-7782N. 
-ve sign means that SV is acting along OY" as shown in 
224o). 
The magnitude of resultant (Le.. R) is obtained by using 


equation (2.1). 
ReVGHY + EVF 
= VERG OTP 
=2602N. Ans. 
The direction of resultant is given by equation (2.2). 
71.82 











ton 





24832 
^ P= tan" 03134 = 174*.. Ans. 


(b) Graphical method. Fig. 2.23 (a), shows the point at which four forces 104 N. 156 N, 252 N and 
228 N are acting. The resultant force is obtained graphically by drawing polygon of forces as explained below 

ind shown in Fig. 2.23 (b) = 
(0) Choose a suitable scale to represent the given forces. Let the scale is 25 N = | cm. Hence the force 





104 N will be represented by “Ow 4.16 em, force 156 N will be represented by Ei 624 em force 252 N 





Fig. 223 (a) Fig. 223 (6) 

(i Take any point a. From point a, draw vector ab parallel to line of action of force 104 N. Cut 
ub = 4,16 cm. Then ab represents the force 104 N in magnitude and direction. 

(iii) From point b, draw vector be parallel to force 156 N and cut be = 6.24 em. Then vector ed represents 
the force 156 N in magnitude and direction. 

(v) From pointe, draw a vector cd parallel 252N force and cut ed = 
the force 252 N in magnitude and direction. 





0.08 cm. Then vector ed represents 
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(9) Now from point d, draw the vector de parallel to 228 N force and cut de = 
de represents the force 228 N in magnitude and direction. 

(vi) Join point a to e. The line ae is the closing side of the polygon. Hence the 
resultant in magnitude and direction. Measure the length of ac. 

By measurement, length ae = 10.4 cm 





12 cm. Then vector 





ide ae represents the 





Resultant, R= Length ae x Scale = 10.4 x 25 (^ Lem=25N) 
= 260N. Ans. 
Now measure angle made by ae with horizontal, This angle is 17.4° with axis OX". Ans. 





Problem 2.9. The resultant of four forces which are acting at a point O as shown in M, is along 
Y-axis. The magnitude of forces Fy Fy and F4 are 10 kN, 20 kN and 40 kN respectively. The ungles made by 
10 AN, 20 kN and 40 kN with X-axis are 30°, 90° and. 
120° respectively. Find the magnitude and direction of 
force Fz if resultant is 72 KN. 

Sol. Given : 





F, = 1OKN, 0, = 30° 
Fiz% 88 
Fy = 20 KN, 0, = 90° 
Fi = 40 KN, 04 = 120° 
Resultant, R=T2KN 
Resultant is along Y-axis. 
Hence the algebraic sum of horizontal com- 
ponent should be zero and algebraic sum of vertical Fig 226 
components should be equal to the resultant. 
a IH=0 and EV=R=72kN 
But XH = F, cos 30° + Fz cos 0 + Fy cos 90° + F, cos 120° 
= 10 x 0.866 + Fz cos + 20x 0 4+ 40 x (-3) 
=8664 Fcos0+0-20 
= Fzcos0- 11.34 
a XH-0 or Ficosü- 113420 
or Fzcos0= 11.34 E 
Now XV = F; sin 30* + Fz sin 0 + Fy sin 90° + Fa sin 120° 








But 
& Fy sin 0 + 59.64 72 

p Fy sin @ = 72— 59.64 = 1236. EI 
Dividing equation (i) and (i), 
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Substituding the value of 8 in equation (i), we get Fz sin (47.46%) = 12.36 


1236 
aeg 1677 KN. Ans. 

Problem 2.10. Determine the magnitude, direction and position of a single force P, which keeps in 
equilibrium the system of forces acting at the corners ofa rectangular block as shown in Fig. 2.25. The position 
of the force P may be stated by reference to axes 
with origin O and coinciding with the edges of 
the block. 


or Pye 








Sol. Given : 

Length oc 

Length BC 

Force at 0=20N(~ 
Force at C=35NU) 
Force at Bz25N(—) 
Force at A-SON() 


Let Obe the origin and OX and OY be the. 
reference axes as shown in Fig. 2.26. 

Forces 50 N and 20 N form a concurrent 
system and their line of action intersect at O. Fig 225 











Fig. 226 


‘The resultant of these forces 


R, = VSU 23 = VDOT = 53.85 N 
and snm (Bats enini 


Similarly the forces 35 N and 25 N form a concurrent system and their line of action intersect at B. 
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The resultant ofthese forces 
Ra V275 35? = VIRSD = 43.01 N 
and 0) tan! ($ Jean with BC ie with etal finc. 


These two forces R, and Rz intersect at D. The angle between these forces is 0, + 0; Łe., angle 
RDR = 0, + 0, = 21.8° + 35.53* = 57.337. 
Let P be the resultant of the forces R, and Rz- 
M Pe VR e Re + 2R, x Rax cos (57337) 
= VS3855 + 43017 + 2 x 5385 x 43.01 x cos 57.33* 


= VIO) + 1830 + 4652.17 x 03308 = 85.15 N. Ans. 
The angle made by the resultant P with Ry is given by 
Rasin $7.33" —— — 43015in573. 
Ry + Rz cos S733* 7 S385 + 4301 x cos 57335 
430 x 0.8418 _ 36.2058 
53.85 423.21 ^ 7106. 
$ a = tan ^! 04698 = 25.16* 
Hence the resultant P makes (c.~0,) angle with vertical in anti-clockwise direction że., Pmakes (25.16 
-2084336) Ans. 
Position of the force P 
The position of the force P is obtained by equating the clockwise moments and anti-clockwise moments 
about O (Refer Fig. 226). 
Let OE = Perpendicular distance between O and line of action of the force P. 
Taking moments of all forces about ©, 
2004500435 x4425x3 = PX OE. 








unas 








0.4698. 




















or 0404140475 =85.147x0E or OE 5215-22595 m 
From right angled triangle OED, sina = z 
OE OE 255 
sina sin 04241 
Let x and y are the co-ordinates of the force P with reference to the axes with origin O. 
Then x= OF and ys DF. 
In right angled triangle OFD, 
OF = OD xsin, = 5.939 xsin 218° (^ 92218) 
=220m 
Also FD = OD x cos 8; = 5.939 x cos 21.8° 2 5.514 m 


$ x=0F=220m. Ans. 
and y=FD=5.5l4m. Ans. 
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Fig 227 (a) 
Graphical Method [Refer to Fig. 2.27 (a)] 
(i) To a suitable scale, take OG = 50 N and GH = 20 N. Join OH. Then OH represents the resultant Ry 
ide and direction. Produce the line HO backward. 

(i) From point B, Take BJ = 35 N and JK = 25 N. Join BK, which represents the resultant Rz in 
magnitude and direction. Produce KB in the backward direction to interest the line of action of Ry at point D. 

(üi) To find the resultant of R; and Rs (e. force P) refer to Fig. 227 (b). 

(iv) Take any point ‘a’. From this point draw line ab parallel to Ry and equal to Ry. From point *b', draw 
line bc parallel to Ry and equal to Ra. Join the point c to a. 

(v) Then ca represents in magnitude and direction the force P. Hence measure ca. Then 

Pzca-S&ISN. Ans. 
(vi) From point D, draw the line DL parallel to ca. Hence DL represents the direction of the force P. 
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(vii) To find the position of the force P which is 


at point D, draw DF parallel to axes OY. Then. 





OF represents the x-coordinate and FD represents the y-coordinate of the force P. Measure OF and FD. Then 
by measurement, 


and 





OF-x-120m. Ans. 
FD=y=5514. Ans. 





HIGHLIGHTS 











Coplanar forces means the forces are acting in one plane. 

Concurrent forces means the forces are intersecting at a common point. 

Collincar forces means the forces are having same line of action. 

The resultant of coplanar forces are determined by analytical and graphical methods, 

The resultant (R) of three collinear forces Fy, Fz and Fy acting in the same direction is given by R = Fy + F + Fy. 
I ihe force Fz is acting in opposite direction thea their resultant will be, R s Fy = Fz + Fy. 

‘The resultant of the two forces Pand Q having an angle a between them and acting at a point, is given by consine 


law method acf = VP + + 2PQ cos «And the direction of the resultant wit he force Pi given hy, 











“The resultant of thee or more forces acting at a point is given by, R = VEHY « (EVF, where XH = Algebraic 
sum of horizontal components fo fren, = Alei sum of vertical components of il foros. The angle 
mech he onn within gent om0 = B 

“The estt of several forces acting at a point is found graphically by using polygon ev of forces, 

Polygon lawor ew oto hat ifa number or coplanar forces are acting ata prot thatthey can be terested 
in magnitude and direction by the sides of a polygon taken in the same order, then their resultant is represented in 
magnitude and dieeta by tne closing side o e polygon taken în oppo order. 














EXERCISE 2 
(A) Theoretical Questions 
Define and explain the following terms : 
(() Coplanar and non-coplanar forces (i) Collinear and concurrent forces 


i) Parallel and non-parallel forces 
What is the difference between collinear and concurrent forces ? 
State and explain the following laws of forces: 
() Law of parallelogram of forces (Gi Law of triangle of forces 
(ii) Law of polygon of forces. 
Derive an expression for the resultant in magnitude and direction of two coplanar concurrent forces using cosine 
Jaw method. 
Explain in detail the method of finding resultant in magnitude and direction of thee or more forces acting at a 
point by analytical and graphical method. 
Explain the procedure of resolving a given force into two components at right angles to ach other. 
Three collinear forces Fi, Fz and Fs are acting on a body. What will be the resultant of these forces, if 
Kaal are acting in the same direction (b) force F is acting in opposite direction. 





State the law of parallelogram of forces and show that the resultant R = VP? + Q? when the iwo forces P and Q 
are acting at right angles to each other. Find the value of R if the angle between the forces is zero. 
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(B) Numerical Problems 
"Three collinear horizontal forces o magnitude 300 N, 100 N and 250 N are acting on rigid body. Determine the 
resultant of the forces analytically and graphically when : () all the forces are acting in the same direction : 
(ithe force 100 N acts in the opposite direction. lAns. (6S0 N. (i) 450N] 
“Two forcesof magnitude 15 Nand 12N are actingata point. The angle between the forces is 60. Find e roulant 
is magnitude. [Ans 20.43 N] 
A force of 104 Nis acting at a point, making an angle of 60° with the horizontal, Determine the componens of 
this force along horizontal and vertical directions. Ans. S00 N, 866 N] 
A smali block of weight 100 N is placed on an inclined 
Plane which makes an angle of 60° with the horizontal. 
Find hc components of this weight () perpendicular to 
the inclined plane and (i) orale to the inclined plane. 
[Ams SON, 86.6 N] 
Two forces P and Q are acting at a point O as shown in 
Fig 228 The force P= 2649 N and force Q = 195.2 N. 
M the resultant of the forces is equa to 400 N then find 
the values of anges p, y, a 
[Ans fi 357, y= 25", a = 60°) 
A amali block of unknown weigh is placed on an 
inclined plane which makes an angle of 30 with 
horizontal plane. The component tis weight porslc 
to the inclined planc is 100 N. Find the weight of the 














block. (Ans. 200 N] 
In question 6, ind the component of the weight perpen- 
dicular to he inclined plane. [Ans 1732 N} 


"The four coplanar forces are acting at a point as shown 
in Fig. 2.29. Determine the resultant in magnitude and 
direction analytically and graphically. 

[Ans 1000 N, 0 = 60" with OX] 





The four coplanar forces are acting at a point as shown 
in Fig, 2.30. One of the forces is unknown and its 
magnitude is shown by P. The resultant is having a 
magnitude S00 N and is acting along x-axis. Determine 
the unknown force P and its inclination with x-axis. 
[Ans. P= 286.5 N and0 = $3° 15] 
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Coplanar Parallel Forces 








3.1. INTRODUCTION 

The forces, which are having their line of actions parallel to each other, are known parallel forces. The 
two parallel forces will not intersect at a point. The resultant of two coplanar concurrent forces (ie. forces 
intersecting at the same point) can be directly determined by the method of parallelogram of forces. This 
method along with other methods for finding resultant of collinear and concurrent coplanar forces, were 
discussed in carlier chapters. 

‘The parallel forces are having their lines of action parallel to each other. Hence, for finding the resultant 

‘of two parallel forces, (two parallel forces do not intersect at a point) the parallelogram cannot be drawn. The 
resultant of such forces can be determined by applying the principle of moments. Hence in this chapter first 
theconcepts of moment and principle of moments will be dealt with. Thereafter the methods of finding resultant 
‘of parallel and even non-parallel forces will be explained. 


32. MOMENT OF A FORCE 

The product of a force and the perpendicular dis- 
tance of the line of action of the force from a point is known. 
as moment of the force about that poi 

Let F = A force acting on a body as shown in Fig. 3.1. 
r = Perpendicular distance from the point O on the 
line of action of force F. 

‘Then moment (M) of the force F about O is given 
by, MaFxr 

The tendency of this moment is to rotate the body 
in the clockwise direction about O. Hence this moment is ned 
called clockwise moment. If the tendency of a moment is to rotate the body in anti-clockwise direction, then 
that moment is known as anti-clockwise moment. If clockwise moment is taken — ve then anti-clockwise 
moment will be + ve. 

In S.L. system, moment is expressed in N m (Newton metre). 











LINE OF ACTION OF 
FORCE 


T |. PERPENDICULAR. 
T pea DISTANCE 


+0 
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Fig. 3.2 shows a body on which three forces F}, F} and F are acting. Suppose it is required to find the 
resultant moments if these forces about point O. 

Let r, = Perpendicular distance from O on the line of action of force F}. 

rz and r = Perpendicular distances from O on the lines of action of force Fz and F respectively. 

Moment of F about O = F, x ry (clockwise) (-) 

Moment of Fz about O = F3 x r (clockwise) (-) 

Moment of Fy about O = F5 x rs (anti-clockwise) (+) 

‘The resultant moment will be algebraic sum of all the moments. 

‘The resultant moment of F;, F and F about O 
8+ Fix -Fixrit Fyxry 

Problem 3.1. Four forces of magnitude 10 N, 20 N, 30 N and 40 N are acting respectively along the 
Jour sides of a square ABCD as shown in Fig. 3.4. Determine the resultant moment about the point A. Each 
side of the square is given 2 m. 





Sol. Given : 

Length AB = BC =CD 
=DA=2m 

Force at B=10N, 

Force at C=20N, 

Force at D230N. 

Force at A=40N, 


The resultant moment about point A is to be 
determined. 

The forces at A and B passes through point A. 
Hence perpendicular distance from A on the lines of 
action of these forces will be zero, 





TON 


2m — 


Hence their moments about A will be zero. The tud 
moment of the force at C about point A. Fig. 33 
= Force at C x 1 distance from A on the line of action of force at C. 


= QON) x (Length AB). 
=20x 2N m =40 N m (anti-clockwise). 
‘The moment of force at D about point A. 
= Force at D x 1 distance from A on the line of action of force at D. 
= GON) x (Length AD). 
= 30 x 2 Nm = 60 Nm (anti-clockwise). 
Resultant moment of all forces about A. 
‘= 40 + 60 = 100 Nm (anti-clockwise). Ans. 


33. PRINCIPLE OF MOMENTS (OR VARIGNON'S PRINCIPLE) 

Principle of moments states that the moment of the resultant of a number of forces about any point is 
equal to the algebraic sum of the moments of all the forces of the system about the same point. 

‘And according to Varignon’s principle, the moment of a force about any point is equal to the algebraic 
sum of the moments of its components about that point. 
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Proof of Varignon’s Principle 





Fig 34 

Fig. 3.4 (a) shows two forces F, and F acting at point O. These forces arc represented in magnitude 
and direction by OA and OB. Their resultant R is represented in magnitude and direction by OC which is the 
diagonal of parallelogram OACB. Let O’ is the point in the plane about which moments of Fy, Fz and R are to 
he determined. From point O', draw perpendiculars on OA, OC and OB. 

Let r, = Perpendicular distance between F, and O’. 

r = Perpendicular distance between R and O’. 
7; = Perpendicular distance between Fz and O’. 

Then according to Varignon’s principle : 

Moment of R about 0 must be equal to algebraic sum of moments of F and F about 0". 
or Rxrs Fyxr + Faxr 

Now refer to Fig. 3.4 (b). Join OO' and produce it to D. From points C, A and B draw perpendiculars 
‘on OD meeting at D, E and F respectively. From A and B also draw perpendiculars on CD meeting the line 
CD at G and H respectively. 

Let 0, = Angle made by F; with OD, 

(= Angle made by R with OD, and 
0; = Angle made by F with OD. 

In Fig. 3.4 (b), OA = BC and also OA parallel to BC, hence the projection of OA and BC on the same 
vertical line CD will be equal że., GD = CH as GD is the projection of OA on CD and CH is the projection of 
BCon CD. 

Then from Fig. 3.4 (b), we have 

P, sin 0, =AE=GD=CH 








F,cos0, = OE 
Fy sin 0, = BF = HD 
fie Gn OR = ED (OB = AC and also OB || AC. Hence projections of OB and AC 
on the same horizontal line OD will be equal Le., OF = ED) 
Rsin@=CD 
Reos0=0D 


Let the length OO = x. 
Then xsin e ri xsin 
Now moment of R about O* 

=R x (1 distance between O' and R) = R xr 
Rxxsin® 





= rand xsin 0; = rs 





> rexsin®) 
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=(Rsin 8) xx 
=CDxx (7 Rsin@ 
=(CH+HD) xx 
=(F,sin®; + Fsin®:)xx (7 CH =F; sin ©; and HD = Fz sin 
= Fy xxsin®, + Fax xsin 0 
=FuxntFixr (7 xsin 
= Moment of F; about O' + Moment of Fz about O'. 
Hence moment of R about any point in the algebraic sum of moments of its components (ie., F and 
about the same point. Hence Varignon’s principle is proved. 
The principle of moments (or Varignon's principle) is not restricted to only two concurrent forces but 
is also applicable to any coplanar force system, e., concurrent or non-concurrent or parallel force system. 
Problem 3.2. A force of 100 N is acting at a point A as shown in Fig. 3.5. Determine the moments of 
this force about ©. 
Sol. 
Force at ASIN 
Draw a perpendicular from © on the line of action of force 100 N. Hence OB is the perpendicular on 
the line of action of 100 N as shown in Fig. 3.5. 
Ist Method 
Triangle OBC is a right-angled triangle. And angle 
OCB = 60". 





CD) 








rand x sin 035 














= 2.598 m 
Moment of the force 100 N about O 
= 100 x OB = 100 x 2.598 
= 259.8 Nm (clockwise). Ans. 
2nd Method 
The moment of force 100 N about O, can also be deter- 
mined by using Varignon’s principle. The force 100 N is replaced 
by its two rectangular components at any convenient point. Here 
‘the convenient point is chosen as C. The horizontal and vertical 
components of force 100 N acting at C are shown in Fig. 3.6. 
(Ð The horizontal component 








But this force is passing through O and hence has no 
moment about ©. 

‘The vertical component 

= 100 x sin 60° = 100 x 0.866 = 86.6 N 

This force is acting vertical downwards at C. Moment of 
this force about O. 
86.6 x OC = 86.6 «3 
= 259.8N (clockwise). Ans. 








0C=3m) 
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3.4. TYPES OF PARALLEL FORCES 

‘The following are the important types of parallel n 
forces : 

1. Like parallel forces, 

2. Unlike parallel forces. 

3.1. Like parallel forces. The parallel forces which 
arc acting in the same direction, are known as like parallel 
forces, In Fig. 3.7, two parallel forces F and Fz are shown. i 
They are acting in the same direction. Hence they are called 
as like parallel forces. These forces may be equal or unequal 
in magnitude. 

3.4.2, Unlike Parallel Forces. The parallel forces 
which are acting in the opposite direction, are known as ur 
parallel forces. In Fig. 3.8, two parallel forces Fy, Fare acting 
in opposite direction, Hence they are called as unlike parallel 
forces. These forces may be equal or unequal in magnitude. 

‘The unlike parallel forces may be divided 
(unlike equal parallel forces, and (ii) unlike unequal parallel 
forces. 

Unlike equal parallel forces are those which are: 
posite direction and are equal in magnitude. 

Unlike unequal parallel forces are those which are Fig 38 
acting in opposite direction and are unequal in magnitude. 

















E Fi 
in 





3.5. RESULTANT OF TWO PARALLEL FORCES 
The resultant of following two parallel forces will be considered : 
1. Two parallel forces are like. 
2. Two parallel forces are unlike and are unequal in magnitude. 
3. Two parallel forces are unlike but equal in magnitude. 
3,51. Resultant of two like parallel forces. Fig. 3.9 shows a body on which two like parallel forces 
and Fare acting. tis required to determine the resultant (R) 
and also the point at which the resultant R is acting. For the two 
parallel forces which are acting in the same direction, obviously the 
resultant R is given by, 
R=F;+ Fa 
In order to find the point at which the resultant is acting, 
Varignon's principle (or method of moments) is used. According 
to this, the algebraic sum of moments of F, and F about any 
point should be equal to the moment of the resultant (R) about 
that point. Now arbitrarily choose any point O along line AB and 
take moments of all forces about this point. 
Moment of F, about O = F, x AO (clockwise) (-) 
Moment of F about O = Fx BO (anti-clockwise) (+ ve) Fig 39 
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Algebraic sum of moments of F, and Fz about O 
=-F,xA0 + Fzx BO 
Moment of resultant about O = R x OC (anti-clockwise)(+) 
But according to principle of moments the algebraic sum of moments of F and F; about O should be 
‘equal to the moment of resultant about the same point ©. 
- Fx AO + Fy x BO = +R x CO = (F, + Fi) x CO (5 REF +R) 
or F\(AO + CO) = F{B0-CO) 


(7 AO CO =AC and BO 





"0 = BC) 





or Brac 


‘The above relation shows that the resultant R acts at the point C, parallel to the lines of action of the 
given forces F, and Fin such a way that the resultant divides the distance AB in the ratio inversely proportional 
to the magnitudes of F; and Fz. Also the point C lies in line AB że., point C is not outside AB. 

The location of the point C, at which the resultant R is acting, can also be determined by taking moments 
about points A of Fig. 3.9. As the force F; is passing through A, the moment of F about A will be zero. 

‘The moment of F; about A = Fz x AB (anti-clockwise) (+) 

‘Algebraic sum of moments of F, and F about O 


=04 Fz x AB = Fz x AB (anti-clockwise) (+) E 
The moment of resultant R about A 
=R x AC (anti-clockwiscy 4) EZ 


But according to the principle of moments, the algebraic sum of moments of F and Fz about A should 
he equal to the moment of resultant about the same point A. Hence equating equations (i) and (i), 
F,xAB=RxAC 

But R = (F; + F;) hence the distance AC should be less than AB. Or in other words, the point C will lie 
AB. 

3.5.2. Resultant of Two Unlike Parallel Forces (Unequal in magnitude), Fig 3.10 shows a body on 
which two unlike parallel forces F and F are acting which are unequal in magnitude. Let us assume that force 
F; is more than Fh. It is required to determined the resultant R and also the point at which the resultant R is 
acting. For the two parallel forces, which are acting in opposite direction, obviously the resultant is given by, 
iof - 

Let the resultant R is acting at C as shown in Fig. 3.10. fi 
In order to find the point C, at which the resultant is 
ing, principle of moments is used. 
Choose arbitrarily any point O in line AB. Take the 
moments of all forces (Le., Fy, Fz and R) about this point. 
Moment of F about O = F; x AO (clockwise) 
Moment of Fz about O = Fa x BO (clockwise) 
Algebraic sum of moments of F, and Fz about O 
=FıxAO+F3xBO — 
Moment of resultant force R about O 
= Rx CO (clockwise) 
(F,-F)x CO €^ R=F\-F) 
zF,xCO- Fix CO Ci) 

















c 


Fa 


Fig 3.400 
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But according to the principle of moments, the algebraic sum of moments of all forces about any point 
should be equal to the moment of resultant about that point. Hence equating equations (i) and (i), we get 
F, x AO + Fy BO = F, x CO — Fx CO. 
or FABO + CO) = F(CO - AO) 
Fix BC = Fix AC 
BC Fi, Fi_ Bc 
AC” Fy FAC 
But F, > Fs, hence BC will be more than AC. Hence point O lies outside of AB and on the same side 
asthe larger force Fy. Thus in case of two unlike parallel forces the resultant lies outside the line joining the 
points of action of the two forces and on the same side as the larger force. 
The location of the point C, at which the resultant Ris acting, can also be determined by taking moments 
about point A, of Fig. 3.10. As the force F; is passing through A, the moment of F about A will be zero. 
The moment of Fz about A = Fz x AB (clockwise) (-) 
Algebraic sum of moments of F, and F about A 
= 0+ Fy x AB = Fy x AB (clockwise) (-) E 
The moment of resultant R about A should be equal to the algebraic sum of moments of F and Fz 
= F}x AB) according tothe principle of moments. Also the moment of resultant R about A should be clockw 
As R is acting upwards [' F > Fz and R = (F; ~ Fj) so R is acting in the direction of Fy}, the moment of 
resultant R about A would be clockwise only if the points C is towards the left of point A. Hence the point € 
will be outside the line AB and on the side of F; (że, larger force). 
Now the moment of resultant R about A 


* BO+CO=BCand 





-A0 =AC) 








or 





or 





= Rx AC (clockwise) (7) ^ii) 
Equating equations (i) and (i), 
FyxAB=RxAC 
= (F, - Fy) «AC (7 ReF,SF) 


ASF,, Fy and AB are known, hence AC can be calculated. Or in other words, the location of point 
known, 

3,53. Resultant of two unlike parallel forces which are equal in magnitude. When two equal and 
‘opposite parallel forces act on a body, at some distance apart, the two forces froma couple which hasa tendency. 
to rotate the body. The perpendicular distance between the parallel forces is known as arm of the couple. 

Fig. 3.11 shows a body on which two parallel forces, which 
are acting in opposite direction but equal in magnitude are acting. F 
These two forces will form a couple which will have a tendency to 
rotate the body in clockwise direction. The moment of the couple is 
the product of either one of the forces and perpendicular distance 
between the forces. 

Let Fs Force at A or at B 

a = Perpendicular distance (or arm of the couple) F 

The moment (M) of the couple is given by, M = F x a. 

The units of moment will be Nm. 

Problem 33. Three like parallel forces 100 N, 200 N and 300 N are acting at points A, B and C. 
respectively on a straight line ABC as shown in Fig. 3.12. The distances are AB = 30 cm and BC = 40 cm. 
Find the resultant and also the distance of the resultant from point A on line ABC. 








so 








is given by 
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Sol. Given : 

Force at A=100N 
Force at B=200N 
Force at C-3N 


Distance AB = 30 cm, BC = 40 cm. As all the forces. 
the same direction, their resultant 





R = 100 + 200+ 300 = 600 N rH 
Let the resultant is acting at a distance of x em from 30em->}— 40ea-— 


the point A as shown in Fig. 3.12. 


Now take the moments of all forces about point A. Fig 3.12 


The force 100 N is passing A, hence its moment about A will be zero. 


or 


the resultant R = 250 N and is acting at a distance of 4 m from A, then find 


or 


~. Moment of 100 N force about A = 0 
Moment of 200 N force about A = 200 x 30 = 6000 N cm (anti-clockwise) 
Moment of 300 N force about A = 300xAC 

= 300 x 70 = 21000 N cm (anti-clockwise) 
Algebraic sum of moments of all forces about A 

= 0 + 6000 + 21000 = 27000 N cm (anti-clockwise) 
Moment of resultant R about A = R x x 

= 600 x x Nem (^ R=600) 
But algebraic sum of moments of all forces about A 

= Moment of resultant about A 

27000 
27000 = 600xx or xe DU = 45cm. Ans. 

Problem 3.4. The three like parallel forces of magnitude 50 N, F and 100 N are shown in Fig. 








C) Magnitude of force F. 
(ii) Distance of F from A. 
Sol. Given : PS NI 
Forces at A = SON, at B= Fand D = 100 N 
R= 250 N, Distance AC = 4 m, CD =3 m. H 
( Magnitude of force F la P 
The resultant R of three like forces is given by, PER) 
R=50+F +100 4m sae 
250 = 50+ F + 100 (7 R=250) 
* F-250-50-100-100N. Ans. Fig 3.13 
(ii) Distance of F from A 
Take the moments of all forces about point A. 
Moment of force S0 N about A 0 


toon 





force SO N is passing through) 
Moment of force Fabout A=Fxx anti-clockwise) 
Moment of force 100 N about A = 100 x AD = 100 x 7 = 700 N m anti-clockwise) 
^. Algebraic sum of moments of all forces about A 

=0+Fxx+700Nm 

=Fxx+700Nm (anti-clockwise) 
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Moment of resultant R about A 
=Rx4=250x4=1000Nm (anti-clockwise) 
But algebraic sum of moments of all forces about A must be equal to the moment of resultant R 
about A. 
ri Fxx+700= 1000 or Fx x= 1000-700 = 300 
300 300 T 
or Eds "10 (OF 
23m. Ans 
Problem 3.5. Four parallel forces of magnitudes 100 N, 150 N, 25 N and 200 N are shown in 
Fig, 3.14, Determine the magnitude of the resultant and also the distance of the resultant [rom point A. 





i00 N) 


I0ON ISON 25N 200N 
al le. o 
f—0,9m —eje— 1.2m — 2-075 -> 
Fig 3.8 
Sol, Given : 


Forces are 100 N, 150 N, 25 N and 290 N. 
Distances AB = 0.9 m, BC = 1.2 m, CD 2075 m. 
As all the forces are acting vertically, hence their resultant R is given by- 
R=100-150-25+200 (Taking upward force + ve and downward as - vc) 
= 300-175 = 125N 
eve sign shows that R is acting vertically upwards. To find the distance of R from point A, take the 
moments of all forces about point A. 
Let x= Distance of R from A in metre. 
‘As the force 100 N is passing through A, its moment about A will be zero. 
Moment of 150 N force about A = 150 x AB 
= 150 x 0.9 (clockwise) (-) = 
Moment of 25 N force about A = 25 x AC = 25 x (0.9 + 1.2) 
=25 x 2.1 (clockwise) (7) =- 52.5 Nm. 
Moment of 200 N force about A = 200 x AD 
= 200 x (0.9 + 12+0.75) 
= 200 x 2.85 (anti-clockwise) (+) = 570 Nm 
Algebraic sum of moments of all forces about A 
~ 135-525 + 570 = 3825 Nm afi) 
+ ve sign shows that this moment is anti-clockwise. Hence the moment of resultant R about A must be 
382.5 Nm, e., moment of R should be anti-clockwise about A. The moment of R about A will be anti-clockwise 
if R is acting upwards and towards the right of A. 
Now moment of Rabout A =R xx. But R= 125 
=1235xx (anti-clockwise) (+) 
s+ 125xx ii) 


135 Nm 
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Equating (i) and (i 





3825=125xx or z= e =3.06m. Ans 


Resultant (R = 125 N) will be 125 N upwards and is acting at a distance of 3.06 m to the right 
of point A. 


3.6. RESOLUTION OF A FORCE INTO A FORCE AND A COUPLE 

A given force F applied to a body at any point A can always be replaced by an equal force applied at 
another point B together with a couple which will be equivalent tothe original force. This is proved as given 
below: 

Let the given force F is acting at point A as shown in Fig. 3.15 (a). 


5 & cá 


MEF: 


[2 © 
Fig 3.15 

"This force is to be replaced at the point B. Introduce two equal and opposite forces at B, cach of 
magnitude F and acting parallel to the force at A as shown in Fig. 3.15 (b). The force system of Fig. 3.15 (b) 
is equivalent to the single force acting at A of Fig. 3.15 (a). In Fig. 3.15 (b) three equal forces are acting. The 
two forces Le., force F at A and the oppositely directed force F at B (Le, vertically downward force at B) from 
a couple, The moment of this couple is F x x clockwise where x is the perpendicular distance between the lines 
of action of forces at A and B. The third force is acting at B in the same direction in which the force at A is 
acting. In Fig. 3.15 (c), the couple is shown by curved arrow with symbol M. The force system of Fig. 3.15 (c) 
is equivalent to Fig. 3.15 (b). Or in other words the Fig. 3.15 (c) is equivalent to Fig. 3.15 (a). Hence the given 
force F acting at A has been replaced by an equal and parallel force applied at point B in the same direction 
together with a couple of moment F x x. 

Thus a force acting at a point in a rigid body can be replaced by an equal and parallel force at any other 
point in the body, and a couple. 

Problem 3.6. A system of parallel forces are acting on a rigid bar as shown in Fig. 3.16. Reduce this 
system to 

(a single force W.SN ISON 675N 10N 
(ii) a single force and a couple at A 
ii) a single force and a couple at B. T 
Sol. Given : 

Forces at A, C, D and B are 32.5 N, 150 N, 67.5 N 
and 10 N respectively. 

Distances AC = 1 m, CD = | mand BD = 1.5 m. 

(i) Single force system. The single force system Fig 3.16 
will consist only resultant force in magnitude and location. All the forces are acting in the vertical direction 
and hence their resultant (R) in magnitude is given by 
R=325-150+675-10=-60N. Ans. 
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Negative sign shows that resultant is acting vertically downwards. 
Letx = Distance of resultant from A towards right. To find the location of the resultant take the moments 
of all forces about A, we get Moment of resultant about A. 
= Algebraic sum of moments of all forces about A 





or Rxx=—50xAC +675 xAD~10xAB 
(Taking clockwise moment -ve and anticlockwise moment +ve) 
or (- 60) xx= 50x 14675x2- 10x 3.5 


R=60N 





R=-60) 


or 60x = 1504 135-35 - 50 





A 





aec eom. Ans. 


Hence the given system of parallel forces is equivalent to a —osssel— 
single force 60 N acting vertically downwards at point E at a 
distance of 0.833 m from A shown in Fig. 3.16 (a). atad 
(i) A single force and a couple at A. The resultant force R acting at point E as shown in Fig. 3.16 (a) 
can be replaced by an equal force applied at point A in the same direction together with a couple. This is shown. 
in Fig. 3.16 (c). 
The moment of the couple = 60 x 0.833 Nm (Clockwise) 
--4998Nm. Ans. (ve sign is due to clockwise) 
(ii) A single force and a couple at B. First find distance BE. But from Fig. 3.16 (b), the distance 
BE =AB~AF = 35-0833 = 2667 m. 


60N R-60N 60N 











A E B = d A B 
833, M47 60x0.833Nm. 
5 5n—+ E 
i» e 
R-60N 6ON son 


» 








6ON 
@ © 
Fig 3.16 
Now if the force R = 60 N is moved to the point B, it will be accompanied by a couple of moment 
60 x BE or 60 x 2.667 Nm. This is shown in Fig. 3.16 (e). 
‘The moment of the couple = 60 x 2.667 Nm (anti-clockwise) 
160Nm. Ans. 








54 ENGINEERING MECHANICS 


3.7. GENERAL CASE OF PARALLEL FORCES IN A PLANE. 


Fig. 3.17 shows a number of parallel forces acting on a body in one plane. The forces F,, Fz and F4 are 
icing in one direction, whereas the forces Fs and Fs arc acting in the opposite direction. Let Ry = Resultant 





fi F2 Fs Fa Fs 
A B c o E 
Fig. 3.17 


of forces F, Fz and Fs and R = Resultant of forces F3 and Fs. The resultants R; and Rz are acting in opposite 
direction and are parallel to cach other. Now three important cases are possible. 

1. R, may not be equal to R;. Then we shall have two unequal parallel forces (Ry and R;) acting in the 
‘opposite direction. The resultant R of these two forces (R, and R3) can be easily obtained. The point of 
application of resultant R can be obtained by equating the moment of R about any point to the algebraic sum 
‘of the moments of individual forces about the same point, 

2. Ry is equal to Rz. Then we shall have two equal parallel forces (R; and R3) acting in the opposite 
direction. The resultant R of these two forces will be zero. Now the system may reduce to a couple or the 

is in equilibrium. To distinguish between these two cases, the algebraic sum of moments of all forces 
..F«) about any point is taken. If the sum of moments is not zero, the system reduces a resultant 
couple, The calculated moment gives the moment of this couple. 

3. R, is equal to Rz and sum of moments of all forces (Fi, Fa Fas Fa, Fs...) about any point is zero, 
then the system will not be subjected to any resultant couple but the system will be in equilibrium. 

Problem 3.7. Determine the resultant of the parallel force system shown in Fig. 3.18. 














Fig. 3.18 

Sol. Given : 

Forces at A, B, C, D and E and 4 N, 8 N, 8 N, 16 N and 12 N respectively. 
Distances — AB=0.6m, BC =09m, 


CD=12m, and DE=06m. 
Since all the forces are vertical and parallel, hence their resultant is given by 
Rz-448-8416-1220 
As the resultant force on the system is zero, there will be two possibilities. The system has a resultant 
‘couple or the system is in equilibrium. To distinguish between these two possibilities, take the sum of moments 
of all forces about any point. Let us take the moments about point A. 
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+ Algebraic sum of moments of all forces about A 

x04 8xAB-8x AC + 16xAD-12xAE 

+8 x0.6-8 x (0.6 + 0.9) + 16 x (0.6 +0.9 + 1.2)~ 12 x (0.6 +0.9 + 1.2 +0.6) 
+48-12+16x2.7-12x33Nm 

248-12 4432-396 48 - 516 











As the algebraic sum of moments of all forces about any point is not zero, the system will have a 
resultant couple of magnitude — 3.6 Nm że., a clockwise couple. Ans. 
Problem 3.8. Determine the resultant of the parallel forces acting on a body as shown in Fig, 3.19. 


20N 20N 40N 30N 10N 





Sol. Since all the forces are vertical and parallel, hence their resultant is given by 
R =~ 20 + 20 4+ 40-30-1020 
Taking moments of all forces about the point A, we get 
Resultant moment = 20 x 0 + 20x 2 +40 x 25- 30x 3- 10x 5 
90440: 100-90- S0 = 140- 140 =0 
As the resultant moment is zero and also the resultant force on the body is zero, the body will be in 
equilibrium. Ans. 


3.8. EQUIVALENT SYSTEM 
An equivalent system fora given system of coplanar forces, is a combination of a force passing through 
a given point and a moment about that point. The force is the resultant of all forces acting on the body. And 
the moment is the sum of all the moments about that poi 
Hence equivalent system consists of : 
(Ð a single force R passing through the given point P and 
(ii) a single moment Mx 
where R= the resultant of all force acting on the body. 
My = sum of all moments of all the forces about point P. 
Problem 3.9. Three external forces are acting on a L-shaped body as shown in Fig. 3.20. Determine 
the equivalent system through point O. 
Sol. Given : 
Force at 
Force at 
Force at 
Distance OA = 200 mm, OB = 100 mm and BC = 200 mm 
Angle COA =90° 
Determine the equivalent system through O. This means find 
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(Ù) single resultant force, R 
(ii) single moment through O. 
Taking x-axis along OA and y-axis along OC. 
The force at A is resolved into two components. 
Component along x-axis = 2000 x cos 30* = 1732 N 
‘Component along y-axis = 2000 x sin 30° = 1000 N 
Resolving all forces along X-axis że., 
EF, = 2000 cos 30° - 1500.— day 











Similarly EF, = - 2000 x sin 30° = (C ve sign is due to downward) 
Resultant, Rev P+ iF? = Vi- DUE 


= VIA TOOT = 1260.88 N 
‘Taking moments of all forces about point ©, 
(= 2000 sin 30) x 200 + 1500 x 100 + 1000 x 300 
=~ 200000 + 150000 + 300000 
= 250000 Nmm = 250 Nm. 
Equivalent system through point O is 
R= 126088 N 
M=250Nm 
Problem 3.10. Fig. 3.21 shows two vertical forces and a couple of moment 2000 Nm acting on a 
horizontal rod which is fixed at end A. 
(i) Determine the resultant of the system. 4000 
(i) Determine an equivalent system through A. 
Sol. Given : 
Force at C = 4000 N, Force at B = 2500 N 
Moment at D = 2000 Nm 
Distance AC=1m,  BC=1.5m 
CD=08m, BD-07m 








2500N 
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(0 Resultant of the system 
This means to find the resultant of all the forces and also the point at which the resultant is acting. 
‘There are two vertical forces only. 
Hence resultant, R = 4000 — 2500 = 1500 N acting downward 
‘The point at which the resultant is acting is obtained by taking moments about point A. Far moments 
there are two forces (4000 N at C and 2000 N at B) and also a moment at D. 
Moment of force 4000 N about point A = 4000 x 1 
= 4000 Nm (clockwise) 
Moment of force 2500 N about point A 
= 2500 x (1 + 1.5)=2500x 2.5 
~ = 6250 Nm (anti-clockwise) 
Moment at D = 2000 Nm (clockwise) 
~ Sum of all moments about A 
= 4000 (clockwise) — 6250 (anti-clockwise) + 2000 (clockwise) 
=- 250 (anti-clockwise) 
The resultant is acting vertically downward. If it is acting towards right of A, then it will give clockwise 
‘moment. But we want anti-clockwise moment. Hence the resultant must act towards the left of A. 
Let x = Distance of resultant force (1500 N) from A 
7. Moment of resultant force (R) about A 
= 1500xx 
E: 1500 x x « 250. 





xe E = 0-166 m. Ans 

Hence resultant of the system is 1500 N | acting at a distance of 0.166 m left to A. Ans. 
(ii Equivalent system through A 

“This means to find a single resultant force and a single moment through A. 

Single resultant force, R= 1500N 

Single moment through, A = 250 Nm. Ans. 


L.— Parallel forces are having thet lines of action parallel to each other. 

2. The moment of a force about any point isthe product of force and perpendicular distance between the point and 
line of action of force. 

3. Anti-clockwise moment is taken +ve whereas clockwise moment is taken — ve. 

4, Varignon’s principle states that the moment of a force about any point is equal to the algebraic sum of moments 
‘of its components about that point. 

S Like parallel forces are parallel to each other and are acting in the same direction, whereas the unlike parallel forces 
are acting in opposite direction, 

& The resultaat of two like parallel forces is the sum of the two forces and acts at a point between the line in such a 
‘way that the resultant divides the distance in the ratio inversely proportional to the magnitudes of the forces. 
7. When two equal and opposite parallel forces act on a body at some distance apart, the two forces form a couple 
which has a tendency to rotate the body. The moment of this couple is the product of either one of the forces and 

perpendicular distance between the forces. 
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S. A given force F applied toa body at any point A can always be replaced by an equal force applied at another point 
B in the same direction together with a couple. 

9. IC the resultant of a number of parallel forces is not zero, the system can be reduced to a single force, whose 
‘magnitude is equal to the algebraic sum of all forces. The point of application of this single force is obtained by 
{equating the moment of this single force about any point to the algebraic sum of moments of all forces acting on 
the system about the same point. 

10. If the resultant of 2 number of parallel forces is zero, then the system may have a resultant couple or may be in 
equilibrium. If the algebraic sum of moments of all forces about any point is not zero, then system will have a 
resultant couple, But if the algebraic sum of moments of all forces about any point is zero, the system will be in. 
equilibrium. 





EXERCISE 3 





A. Theoretical Questions 


1. Define the terms : Coplanar parallel forces, like parallel forces and unlike parallel forces. 
2. Define and explain the moment of a force. Differentiate between clockwise moment and anti-clockwise moment. 
3. (a) State the Varignon’s principle. Also give the proof of Varignon's principle. 
(P) Differentiate berween : 
(i) Concurrent and non-concurrent forces, 
(ii) Coplanar and non-coplanar forces, 
(iii) Moment of a force and couple. 
Define moment of a force about a point and show that the algebraic sum of the moments of two coplanar forces 
bout a point is equal to the moment of their resultant about that point. 
S. What are the different types of parallel forces 7 Distinguish between like and unlike parallel forces. 
6 Prove that the resultant of two like parallel forces F, and Fa is F + Fz. Also prove that the resultant divides the. 
line of joining the points of action of Fy and Fz internally in the inverse ratio of the forces. 
7. Prove that in case of two unlike parallel forces the resultant lies outside the line joining the points of action of the 
two forces and on the same side as the larger force. 
8 Describe the method of finding the line of action of the resultant of a system of parallel forces. 
9. The resultant of a system of parallel forces is zero, what docs it signify ? 
10, Describe the method of finding the resultant of two unlike parallel forces which are equal in magnitude. 
1L. Prove that a given force F applied to a body at any point A can always be replaced by an equal force applied at 
another point B together with a couple. 
12, State the principle of moment. 
13. Indicate whether the following statements are Troc or False. 
(0 Force is an agency which tends to cause motion. 
(ii) The tension member of a frame work is called a street. 
(iii) The value of g reduces slightly as we move from poles towards the equator. 
(iv) Coplanar forces are those which have the same magnitude and direction. 
(v) A couple consists of two unequal and parallel forces acting on a body, having the same line of action. 
(vi) A vector diagram of a force represents its magnitude, direction, sense and point of application. 
(vid) The force of gravitation on a body is called its weight. 
(vii) The centre of gravity of a body is the point, through which the resultant of parallel forces passes in whatever. 
position may the body be placed. 
(Ans. (i) Troe (i) False (it) True (iv) False (+) False (vi) False (sii) True (vii) True. 
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B. Nomerical Problems. 


Four forces of magnitudes 20 N, 40 N, 60 N and S N 
arc acting respectively along the (our sides of a square 
ABCD as shown in Fig. 322. Determine the resultant 
moment about point A. 
Each side of square is 2 m. 

[Ans. 200 Nm anti-clockwise) 





A force of SON is acting at a point A as shown in 
Fig. 3.23. Determine the moment of this force about O. 
[Ans. 100 Nm clockwise] 

Tire like parallel forces 20N, 40 N and GON are acting 
at points, A, B and C respectively on straight line ABC. 
istances arc AB = 3 m and BC = 4 m. Find the 

mt and also the distance of the resultant from point 
A on line ABC. Ans. 120 N. 4.5 m) 





The three like parallel forces 101 N, F and 300 N are 
acting as shown in Fig. 3.24. If the resultant R = 600 N 
andis acting at a distance of 45 cm from A, then find the 
magnitude of force F and distance of F and A. 

(Ans. 200 N, 30 cm] 


Four parallel forces of magnitudes 100 N, 200 N, 50 N 
‘and 400 N are shown in Fig. 325. Determine the mag- 

ide of the resultant and also the distance of the resul- 
tant from point A. [Ans R = 350 N, 3.07 m] 








Fig. 3.22 





sapere L5m—ejeim e| 


Fig 325 
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6. A system of parallel forces are acting on a rigid bar as shown in Fig. 3.26. Reduce this system to : 


i) a single force, [Ans. (0) R = 120 N at 2.83 m from A 
(ia singe force and a couple at A 
(iii) a single force and a couple at B. 








20N  !00N 40N '90N 
a o B 
Emm eje— 2m —- 
Fig 326 
7. Five forces are acting on a body as shown in Fig. 3.27, Determine the resultant, 
Ans. = 0, Resultant couple = 10 Nm] 
20N 20N 40N 30N 10N 
A 8 c 
2,5m 255, m 
2m ——e4 
Fig 3.27 
8 Determine the resultant of the parallel forces shown in Fig, 3.28, Ans. Body is in equilibrium] 
10N 40N 30N ION ION 
2m Sm iOm 1.5m, 


Fig 328 
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Conditions of Equilibrium 














INTRODUCTION 

When some external forces (which may be concurrent or parallel) are acting on a stationary body, the 
body may start moving or may start rotating about any point. But if the body does not start moving and also 
‘does not start rotating about any point, then the body* is said to be in equilibrium. In this chapter, the conditions 
of equilibrium for concurrent forces (e., forces meeting at a point) and for parallel forces will be described. 
Also the concept of free body diagram, different types of support reactions and determination of reactions will 
bbe explained, 


42. PRINCIPLE OF EQUILIBRIUM 
‘The principle of equilibrium states that, a stationary body which is subjected to coplanar forces 
(concurrent or parallel) will be in equilibrium if the algebraic sum of all the external forces is zero and also 
the algebraic sum of moments of all the external forces about any point in their plane is zero, Mathematically, 
xpressed by the equations : 
EF =0 M) 
XM-0 (42) 
‘The sign X is known as sigma which is a Greek letter. This sign represents the algebraic sum of forces 
or moments. 
‘The equation (4.1) is also known as force law of equilibrium whereas the equation (4.2) is known as 
moment law of equilibrium. 
‘The forces are generally resolved into horizontal and vertical components. Hence equation (4.1) is 
written as 











EF, =0 (43) 
and IF,=0 444) 
where EF, = Algebraic sum of all horizontal components 

and EF, = Algebraic sum of all vertical components. 

4.2.1, Equations of equilibrium for Non-concurrent forces systems. A non-concurrent force systems 
will be in equilibrium if the resultant of all forces and moment is zero. 

Hence the equations of equilibrium are 

ZEF,=0,2F,=0 ad EM =0. 

4.2.2. Equations of equilibrium for concurrent force system. For the concurrent forces, the lines of 
action of all forces meet at a point, and hence the moment of those force about that very point will be zero or 
EM =O automatically. 

‘Thus for concurrent force system, the condition EM = 0 becomes redundant and only two conditions, 
„EF, = 0 and ZF, = 0 are required. 














FA body will be in equilibrium if both the resultant of the forces and resultant moment are zero, whereas a paraticle 
equilibrium if the resultant force acting on it is zero. 
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Now let us apply the three conditions of equilibrium : 

()) EF, = 0 as there is no horizontal force acting on the body 

(EF, =Oie, Fit Fs= Fz 

(iii) EM =0 about any point. 

Taking the moments of Fy, Fz and F about point A, 

EM, =~ Fx AB + Fy x AC 

(Moment of F; is anti-clockwise whereas moment of Fz is clockwise) 

For equilibrium, 2M, should be zero 
ies =F: xAB + Fx AC» 0 

If the distances AB and AC are such that the above equation is satisfied, then the body 
equilibrium under the action of three parallel forces. 

4.3.3. Four force system. The body will be in equilibrium if the resultant force in horizontal direction 
is zero (Le., EF, = 0), resultant force in vertical direction is zero (Le., EF, = 0) and moment of all forces about 
any point in the plane of forces is zero (Le., EM = 0). 

Problem 4.1. Two forces F, and Fare acting on a body and the body is in equilibrium. Ifthe magnitude 
ofthe force F, is 100 N and its acting at O long x-axis as shown in Fig. 4.4, then determine the magnitude and 
direction of force Fz 

Sol. Given : 

Force, F,=100N 

The body is in equilibrium under the action of two forces Fy 
and Fz. 

When two forces are acting on a body and the body is in f 00N 
equilibrium, then the two forces should be collinear, equal and 
opposi 





be in 








à Fı2 F, = 10N 
‘The force F should pass through O, and would be acting in 
the opposite direction of Fy. 
Problem 4.2. Three forces F;, F; and F; are acting on a body as shown in Fig. 4.5 and the body is in 
equilibrium. If he magnitude of force F is 400, N, find the magnitudes of force F; and Fy 


Fig. 44 


Sol. Given : 
Force, Fy = 400 N. 
As the body is in equilibrium, the resultant force is 
x-direction should be zero and also the resultant force in F2 f 
y-direction should be zero. i 
(Ð For EF, = 0, we get 
F, cos 30° — F; cos 30° =0 [Dn A 
or Fi-Fx=0 
or FRE NI 
(i For EF, =0, we get 
F, sin 30° + Fysin 307—400 =0 
or F, x05 e Fax 0.52 400 
or Fx05+F,x05=400 — (7 =F) fj 400N 
or F,-400N. Ans. 
Feas 


Also Fi=F,=400N. Ans. 
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2nd Method 
If three forces are acting on a body at a point and the Fo Fi 
body is in equilibrium, Lami's Theorem can be applied. ui 
Using Lami’s theorem, 
5 P i20 ^ o" 
Sin 120° " sin 120* " sin 120° 
or F,sF,s400N. Ans. 
F,=400N 
Fig. 45 (a) 


Problem 43. Three parallel forces Fy, Fz and Fy are acting on a body as shown in Fig. 4.6 and the 
body is in equilibrium. If force F; 250 N and Fy = 1000 N and the distance between F and Fz = 1.0 m, then 
determine the magnitude of force Fz and the distance of F from force Fy 

Sol. Given : 

Force, F, =250N - = 

Force, Fy = 1000N "aeo S O0ON. 

Distance AB=10m 

The body is in equilibrium. 

Find Fz and distance BC. 5 

For the equilibrium of the body, the resultant. A 
force in the vertical direction should be zero (here there b-—1.0m x- 
is no force in horizontal direction). Fe 

^o For EF, =0, we get 
Fe Fy- F20 
or 2504 1000- F, 20 
F z= 250+ 1000 = 1250N. Ans. 
For the equilibrium of the body, the moment of all forces about any point must be zero. 
Taking moments of all forces about point A and considering distance BC = x, we get 





Fig 46 


or 








F,xAB-ACxF, «0 x 
or 1250 x 1.0- (1 + x) x 1000 =0 AC =AB+BC #143) 
or 1250 — 1000 1000: = 0 
or 250 = 1000r 
250 
or <= 7p 25m. Am. 


Problem 4.4. The five forces Fp Fy Fs Fẹ and Fs are acting at a point on a body as shown in Fig. 4.7 
and the body is in equilibrium. If F; = 18 N, Fz = 225 N, Fs = 15 N and F4 = 30 N, find the force Fs in 
‘magnitude and direction. 

Sol. Given : 

Forces, Fi=18N,  F,=225N, 

Fy=15Nand F2 30N. 
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‘The body is in equilibrium. Find force Fs in mag- 
nitude and direction. This problem can be solved analyti- 
cally and graphically. 
1. Analytical Method 

Let 0 = Angle made by force Fs with horizontal 
axis O-X. 

As the body is in equilibrium, the resultant force. 
in x-direction and y-direction should be zero. 

(Ð For EFs = 0, we get 

Fy + Fa cos 45° — F cos 30° - Fscos @=0 
or 18+ 22.5 x 0.707 - 30 x 0.866 — Fs cos 0 = 0 





or 18 + 15.9 -25.98 - Fs cos 00 
or Fscos@ = 18 + 15.9-25.98 
or Fscos 0 752 D Fia 


G) For EFy=0, we get 

Fy sin 45° + Fy- Fa sin 30° — Fy sin 0 = 0 

or 225x007 + 15-30x 0.5- Fssin0=0 

or 1594 15- 15- Fssin0=0 

or Fssinü «159 d) 

Axe or tan0220075 

^ O= tan” 20075 = 63.52°. Ans. 

Substituting the value of 0 in equation (0), we get 
Fs cos 63.52" = 7.92 


* Fs 


2. Graphical Method 
(0 First draw a space diagram with given four forces Fi, F» Fy and Fe at correct angles as shown in 
Fig. 4.8 ( 
(i) Now choose a suitable scale, say 1 cm = 5 N for drawing a force diagram. Take any point O in the 
force diagram as shown in Fig. 4.8 (b). 





Dividing equation (ii) by equation (i), we get 


192 
Tuegsl"!776N. Ans. 








Fig 48 


66 ENGINEERING MECHANICS 


(ili) Draw line Oa parallel to force F, and cut Oa = F, = 18 N to the same scale. 
(iv) From a, draw the line ab parallel to F and cut ab = F5 = 22.5 N 
(v) From b, draw the line be parallel to Fy and cut bc SN 
(vi) From c, draw the line cd parallel to F4 and cut cd. N 
(vii) Now join d to O. Then the closing side dO represents the force Fs in magnitude and direction. Now 
measure the length dO. 
By measurement, length dO = 3.55 cm. 
c. Force Fs = Length dO x Scale = 3.55x5=17.75N, Ans. 
The direction is obtained in the space diagram by drawing the force Fs parallel to line dO. 
Measure the angle 6, which is equal o 63.5*. Or the force Fs is making an angle of 180 + 63.5 = 243.5° 
with the force Fy 
Problem 4.5. Fig. 4.8 (c) shows the coplanar system of forces acting on a flat plate. Determin. 
(i) the resultant and (i) x and y intercepts of the resultant. 
Sol. Given : 
Force at A =2240N. 
Angle with x-axis = 63.43° 
Force at B= ISSN. 
Angle with x-axis = 33.67° 
Force at C= 1500N, 
Angle wi 
Lengths OA = 4m, 
DB=3m, 
DC=2m 
and 0D=3m 
Each force is resolved into X and Y components. 
as shown in Fig. 4.8 (d). Fig 4800) 
(i) Force at A = 2240 N. 
Its X-component = 2240 x cos 63.43° = 1001.9 N, 
Its Y-component = 2240 x sin 63.43° = 20034 N 
(id Force at B= 1805 N. 
X-component = 1805 x cos 33.67° = 1502.2 N 
Y-component = 1805 x sin 33.67° = 1000.7 N 
(ii) Force at C = 1500 N. 
 X-component = 1500 x cos 60° = 750 N 
Y-component = 1500 x sin 60° = 1299 N 
The net force along X-axis, 

















x-axis = 60° 





R, = EF, = 10019-15022 —750 =~ 12503 N 
‘The net force along Y-axis, 
R, = EF, =~ 20034 — 1000.7 + 1299 = — 1705.1 N 


(The resultant force is given by, 
Rx VR +R, =V(- 1250.3) + (- 1705.1} 
= V1563230 + 2907366 = 21144 N.. Ans. 
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Fig. A80) 
The angle made by the resultant with x-axis is given by 
R, _ -1705.1 
oe UE 213 
tan = g= p = 138 


$ = tan! 1.363 = 53.70 
The net moment* about point O, 
‘My = 2003.4 x 4 + 1000.7 x 3 ~ 1299 x 27 1502.2 x 3- 7503 
+= 8012.16 + 3002.1 - 2598 — 4506.6 — 2250 
= 11014.26 ~ 9354.6 = 1659.55 Nm 

As the net moment about 0 is clockwise, hence the resultant must act towards right of origin O. making 
an angle = 537" with x-axis as shown in Fig. 4.8 (e). 
The components R, and R, are also negative, Hence 
this condition is also satisfied. 

(ii) Intercepts of resultant on x-axis and 

y-axis [Refer to Fig. 4.8 (e)]. 
Let x = Intercept of resultant along x-axis. 
y = Intercept of resultant along y-axis. Ry (1705.18) 

The moment of a force about a point is equal 
to the sum of the moments of the componentsofthe — Rxel250.3. 
force about the same point. Resolving the resultant 
(R) into its component R, and R, at F- 

Moment of R about O = Sum of moments of 
Ry and Ry atO 

But moment of R about 











Fig 48 (e) 
(Mo 

^o 1659.66 = R, x O € Ry xx 

(as R, at F passes through O hence it has no moment) 








"Considering clockwise moment positive and anti-clockwise moment as negative. At A, the X component of 
1001.9 N passes through O and hence has no moment. 
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2 1659.66 = 1705.1 xx (R, = 1705.1) 
1659.66 ; 
a x= 1S = 097 mrightofO. Ans 


To find y-intercept, resolve the resultant R at G into its component R, and R,- 
Moment of R about O = Sum of moments of R, and R, at O 
1659.66 =R, x y +R, xO. 
(At G, R, passes through O and hence has no moment) 
E 1659.66 = 12503 xy 
1659.66. 
7125030 
Problem 4.6. A lamp weighing 5 N is suspended from the ceiling by a chain. It is pulled aside by a 





= 1.32 mbelow 0. Ans. 


horizontal cord until the chain makes an angle of 60° with the ceiling as shown in Fig. 4.9. Find the tensions 
in the chain and the cord by applying Lami's theorem and also by graphical method. 


Sol. Give 
Weight of lamp = 5 N 
‘Angle made by chain with ceiling = 60° 








Cord is horizontal as shown in Fig. 4.9. 
(0) By Lami’s Theorem 
Let T, = Tension (or pull) in the cord 


T; = Tension (or pull) in the chain. 
Now from the geometry, it is obvious that angles between T, and lamp will be 90°, between lamp and 


T; 150° and between 7; and T; 120° [Refer to Fig. 4.9 (b)]. 





or 
HAN 
o 
O con? 
SN 
2 
5N * 
FORCE DIAGRAM 
w © © 
Fig 49 
Applying Lam's theorem, we get 
T, Ta 5 
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(ü) By Graphical Method 

(1) First draw the space diagram at correct angles as shown in Fig. 4.9 (b). Now choose a s 
say 1 em = 1 N for drawing a force diagram as shown in Fig. 4.9 (c). Take any point O in the force diagram. 

(2) From O, draw the line Oa vertically downward to represent the weight of the lamp. Cut Oa = 5 N. 

(3) From a, draw the line ab parallel to Tz. The magnitude of Tz is unknown. Now from O, draw the 
linc Ob horizontally (ie., parallel to 7;) cutting the line ab at point b. 

(4) Now measure the lengths ab and bO. 

Then ab represents T; and bO represents Tj. By measurements, ab = 5.77 cm and bO = 2.9 cm. 

7. Pull in the cord = 50 = 29 cm x scale = 29 x 1 

=29N. Ans. 
Pull inthe chain = ab = $.77 cm x scale = 5.77 x 1 
=S.77N. Ans. 

Problem 4.7. On a horizontal line PQRS 12 cm long, where PQ = QR = RS = 4 cm, forces of 1000, 
1500, 1000 and 500 N are acting at P, Q, R and S respectively, all downwards, their lines of action making 
angles of 90, 60, 45 and 30 degrees respectively with PS. Obtain the resultant of the system completely in 
‘magnitude, direction and position graphically and check the answer analytically. 

Sol. Given : 

PQ=QR=RS=4em 

Force at P = 1000 N. Angle with PS = 90° 

Force at Q = 1500 N. Angle with QS = 60° 

Force at R = 1000 N. Angle with RS = 45° 

Force at S = 500 N Angle with PS = 30° 











— — 
P ax R s 
Masen hp —4 emme acm pi 





© 
Fig 49 
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Graphical Method > 

Draw the space diagram of the forces as shown in Fig. 4.9 (d). The procedure is as follows : 

(i) Draw a horizontal line PORS = 12 cm in which take PQ = QR = RS = 4 cm. 

(ii) Draw the line of action of forces P, Q, R, S of magnitude 1000 N, 1500 N, 1000 N and 500 N 
respectively at an angle of 90°, 60°, 45* and 30° respectively with line PS as shown in Fig. 4: 

Magnitude and direction of Resultant force (R*) 

‘To find the magnitude and direction of the resultant force, the force diagram is drawn as shown in 
Fig. 4.9 (e) as given below 

(i) Draw the vector ab to represent the force 1000 N to a scale of 1 cm = S00 N. The vector ab is 
lel to the line of action of force P. 

(ii) From point b, draw vector be = 1500 N and parallel to the line of action of force Q. Similarly the 
vectors, cd = 1004) N and parallel to line of action of force R and de = S00 N and parallel to the line of action 
wf force $. are drawn. 

(iii) Join ae which gives the magnitude of the resultant. Measuring ae, the resultant force is equal to 
TUN. 

(iv) To get the line of action of the resultant, choose any point O on force diagram (called the pole) and 
ivin Ou, Ob, Oc, Od and Oe. 

(Y) Now choose any point X; on the line of action of force P and draw a line parallel to Oa. 

(vi) Also from the point Xi, draw another line parallel to Ob. which cuts the line of action of force Q 
at Xz, Similarly from point Xa, draw a line parallel to Oc to cut the line of action of force R at Xs. From point 
Xa draw a line parallel to Od to cut the line of action of force S at Xa. 

(vii) From point X, draw a line parallel Oe. 

(viii) Produce the first line (e. the line from X, and parallel to Oa) and the last linc (ùe, the line from 
X, and parallel to Oe) to interest at X. Then the resultant must pass through this point. 

(ic) From point X. draw a line parallel to ae which determines the line of action of resultant force. 

Measure PX. By measurements : 
Resultant force, R* = 370 N 
Point of action, PX = 4.20 cm 











Direction, O= 60° 30 with PS 
Analytical Method 
In analytical method, all the forces acting can be resolved horizontally and vertically. Resultant of all 





vertical and horizontal forces can be calculated separately and then the final resultant can be obtained. 
Resolving all forces and considering the system for vertical forces only. 
Vertical force at P= 1000 N 
Vertical force at Q = 1500 sin 60° = 1299 N 
Vertical force at R 1000 sin 45* = 707 N 
Vertical force at = 500 sin 30° = 250 N 


I000N  1299N Ry — TOTN 250N 





I X aom a aem —e 
= 


Fig 490 
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Let Ris the resultant of all vertical forces and acting at a distance x cm from P. 
= 1000 + 1299 + 707 + 250 = 3256 N 
Taking moments of all vertical forces about point P, 


Ry xx 1290 4 4 707 x B + 250% 12 = 13852 





13852 13852 

RE "3256 
Now consider the system for horizontal forces only Horizontal force at P= 0 
Horizontal force at Q = 1500 x cos 60° = 750 N 
Horizontal forceat R = 1000 x cos 45° = 707 N 
Horizontal forccat $ = 500 x cos 30° = 433 N 
Resultant of all horizontal forces will be, 

Rjy 047504 707 + 433 = 1890N 


‘The resultant R* of Rọ and Rj, will also pass through point X which is at a distance of 4.25 cm from P. 
à Re = VRS + Rip = V3256 + 1890 =3764N. Ans. 


‘The resultant will make an angle 0 with PS and is given by 


2425cm 








“Thus the resultant of 3764 N makes an angle 599" with PS and passing through point X which i ata 
distance of 4.25 cm from point P. 

This result confirms closely with the values obtained by graphical method. 
4.4, ACTION AND REACTION 

From the Newton’s third law of motion, we know that to every action there is equal and opposite 
reaction, Hence reaction if always equal and opposite to the action. 

Fig. 4.10 (a) shows a hall placed on a horizontal surface (or horizontal plane) such that it is free to 
move along the plane but cannot move vertically downward. Hence the ball will exert a force vertically 


w 

A A 

@ © 
Fig 4.10 
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downwards at the support as shown in Fig. 4.10 (b). This force is known as action. The support will exert an 
‘equal force vertically upwards on the ball at the point of contact as shown in Fig. 4.10 (c). 

The force, exerted by the support on the ball, is known as reaction. Hence ‘any force on a support 
causes an equal and opposite force from the support so that action and reaction are two equal and opposite forces’. 
4.5. FREE BODY DIAGRAM 

‘The equilibrium of the bodies which are placed on the supports can be considered if we remove the 
supports and replace them by the reactions which they exert on the body. In Fig. 4.10 (a), if we remove the 
supporting surface and replace it by the reaction R, that the surface exerts on the balls as shown in Fig. 4.10 (c) 
we shall get free-body diagram. 

The point of application of the reaction R, will be the point of contact A, and from the law of equilibrium 
of two forces, we conclude that the reaction Ry must be vertical and equal to the weight W. 

Hence Fig. 4.10 (c), in which the ball is completely isolated from its support and in which all forces 
acting on the ball are shown by vectors, is known a frce-body diagram. Hence to draw the frec-body diagram 
ofa body we remove all the supports (like wall, floor, hinge or any other body) and replace them by the reactions. 
which these support exert on the body. Also the body should be completely isolated. 

Problem 4.8. Draw the free body diagram of ball of weight W supported by a string AB and resting 
against a smooth vertical wall at C as shown in Fig. 4.11 (a). 

Sol. Given : 

Weight of ball = W 


A 
STRING F 
c 
Xp 
w w 
@ e 
Fig. 4.11 

‘The ball is supported by a string AB and is resting against a vertical wall at C. 

To draw the free-body diagram of the ball, isolate the ball completely (Le., isolate the ball from the 
support and string). Then besides the weight W acting at B, we have two reactive forces to apply one replacing 
the string AB and another replacing the vertical wall AC. Since the string is attached to the ball at B and since 
a string can pull only along its length, we have the reactive force F applied at B and parallel to BA. The 
magnitude of F is unknown, 

The reaction Re will be acting at the point of contact of the ball with vertical wall ie., at point C. As 
the surface of the wall is perfectly smooth*, the reaction Rc will be normal to the vertical wall (i.e, reaction 


Re will be horizontal in this case) and will pass through the point B. The magnitude of Rc is also unknown. 
The complete free-body diagram is shown in Fig. 4.11 (b). 


The reaction at a perfectly smooth surface is always normal to the surface. 
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Problem 4.9. A circular roller of weight 100 N and radius 10 cm hangs by a tie rod AB = 20 cm and 
rests against a smooth vertical wall at C as shown in Fig. 4.12 (a). Determine : (i) the force F in the tie rod, 


und (ii) the reaction Rc at point C. 
Sol. Given : 
Weightofrolle, — W= 100N 





Radius of roller, BC= 10cm 
Length of tierod, AB = 20m 
BC _ 10 
A 3795 
Os sin! 0.5 30* 
The frce-body diagram of the roller is shown in Fig. 4.12 (b) in which 

R= Reaction at C 

F = Force in the tie rod AB 

Frec-body diagram shows the equilibrium of the roller. Hence the resultant force in x-direction and 


From AABC, we get sin 9 = 








Foy 
Re 
NOON 
@ © 
Figan 
For XF, =0, we get Re- F sin 8 =0 
or Re=Fsin0 E 
For EF, =0, we get 100- F cos 8 =0 
or 100 F cos @ 
100 _ _ 100 — 
or [Er (7 0230) 
=11547N. Ans. 


Substituting the value of F in equation (D, 
Re= 11547 x sin 30° 2573 N. Ans. 
Problem 4.10. Draw the free-body diagram of a ball of weight W, supported by a string AB and resting 


against a smooth vertical wall at C and also resting against a smooth horizontal floor at D as shown in 
Fig. 4.13 (a). 
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Sol. Given : 
To draw the free-body diagram of the ball, the ball should be isolated completely from the vertical 
support, horizontal support and string AB. Then the forces acting on the isolated ball as shown in Fig. 4.13 (b), 


will be 
F 
(Y) à : ; 
o 
Ro 


o) [7 
Fig 413 
(i) Reaction Rc at point C, normal to AC. 

(ii) Force F in the direction of string. 

(ii) Weight W of the ball. 

(iv) Reaction Rp at point D, normal to horizontal surface. 

‘The reactions Rc and Rp will pass through the centre of the ball ie., through point B. 

Problem 4.11. A ball of weight 120 N rests in a right-angled groove, as shown in Fig. 4.14 (a). The 
sides of the groove are inclined to an angle of 30° and 60° to the horizontal. If all the surfaces are smooth, 
then determine the reactions Ry and Rc at the points of contact. 











Sol. Given : 
‘Weight of ball, W=120N 
Angle of groove =90" 


Angle made by side FD with horizontal = 30° 
‘Angle made by side ED with horizontal = 60° 
^ Angle FDH = 30° and angle EDG = 60° 
Consider the equilibrium of the ball. For this draw the free body diagram of the ball as shown in 
4.14 (b). 
The forces acting on the isolated ball will be : 
(D Weight of the ball = 120 N and acting vertically downwards. 
(ii Reaction Rc acting at C and normal to FD. 
(iid) Reaction R4 acting at A and normal to DE. 
The reactions R, and Rc will pass through B, ie, centre of the ball. The angles made by Ry and Rc at 
point B will be obtained as shown in Fig. 4.14 (€). 
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and angle LHB = 60°. Hence Z HBL will be 30' 


or 


or 





Fig 4.14 
In AHDC, ZCDH = 30° and ZDCH = 90*. Hence ZDHC will be 60°. Now in AHBL, ZBLH = 90° 





Similarly, ZGBL may be calculated. This will be equal to 60°. 
For the equilibrium of the ball, 
IF,=0 and 2F,=0 
For EF, = 0, we have Re sin 30" - R, sin 60" = 0 
Re sin 30° = R4 sin 60° 
Ree Rx Im 21732R, D 
For EF, = 0, we have 120 — Ry cos 60° ~ Re cos 30° = 0 
120 = Ry cos 60° + Rc cos 30° 
= Ry x OS + (1.732 Ry) x 0.866 (7 Re= 1.732 Ry) 
205R, + 15R,72R, 








Substituting this value in equation (i, we get 
Re = 1.732% 60 = 103.92N. Ans. 
Problem 4.12. A circular roller of radius 5 cm and of weight 100 N rests on a smooth horizontal surface 


and is held in position by an inclined bar AB of length 10 cm as shown in Fig. 4.15. A horizontal force of 200 N 
is acting at B. Find the tension (or Force) in the bar AB and the vertical reaction at C. 
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(e [7 
Fig 4.15 

Sol. Given : 

Weight, W=100N 

Radius ie., BC=Sem 

Length of bar, AB» 10cm 


Horizontal force at B = 200N 





x ing = BS 

In AABC, sinO=75 os 

$ O=sin'05=30° 

Let F = Tension in the string AB. 


Consider the equilibrium of the roller. For this draw the free body diagram of the roller as shown in 
4.15 (b). 

The reaction Rc at point C will pass through point B. 

The tension (or force F) will be acting along the length of the string. 

As the roller is in equilibrium in Fig. 4.15 (b), the resultant force in x-direction and y-direction should 











he zero. 
For EF, 20, we have F cos 8 - 200 =0 
C 02309 
223094N. Ans. 
For EF, = 0, we have Rc- W- Fsin8 0 
or Re = W + F sin 8 = 100 + 230.94 x sin 30 


=21547N. Ans. 

Problem 4.13. Two identical rollers P and Q, each of weight W, are supported by an inclined plane 
anda vertical wall as shown in Fig. 4.16 (a). Assume all the surfaces to be smooth. Draw the free body diagrams 
of: 

(0 roller Q, (i) roller P and (üi) rollers P and Q taken together. 

Sol. Given : 

Weight of each roller — = W 

Radius of each roller =R 

Identical rollers means the radius of each roller is same. 

Hence the line EF in Fig. 4.16 (a) will be parallel to surface AB. 
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Fig. 4.16 (0) 
Each surface is smooth, hence reaction at the point of contact will be normal to the surface. 
Let R, = Reaction at point A 
Rp = Reaction at point B 
Re = Reaction at point C 
"The two rollers are also in contact at point D. 
Hence there will be a reaction Rp at the point D. 

(i) Free-body diagram of roller Q. To draw the 
free-body diagram of roller Q, isolate the roller Q com- 
pletely and find the forces acting on the roller Q. The roller 
Q has points of contact at B, C and D. The forces acting 
on the roller Q will be : 

(i) Weight of roller W. 

(ii) Reaction Rp at point B. 
This will be normal to the surface BA at point B. 
(ii) Reaction Rc at point C. This will be normal to 
the vertical surface at point C. 
(iv) Reaction Rp at point D. This will be normal to 
the tangent at point D. w 
The reactions Rp Re and Rp will passthrough the 
centre E of the roller Q. These three reactions are un- 
known, 

i) Free-body diagram of roller P. Free-body 
diagram of roller P is shown in Fig. 4.16 (c). The roller P 
has points of contact at A and D. The forces acting on the 








4.16(6) 


roller Pare : ‘A 
(i) Weight W Ro 
(i) Reaction Ra at point A Ra 
(üi) Reaction Rp at point D. Paca 


The reactions Ry and Rp will pass through point F, 
Le., centre of roller P. These two reactions are unknown. 


If Wis given, then these reactions can be calculated. E4360, 
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(ii) Free-body diagram of rollers P and Q taken together. When the rollers P and Q are taken 
together, then points of contacts are A, B and C. The free-body diagram of this case is shown in Fig. 4.16 (d). 
"The forces acting are : 


w 





Fig 4.1644) 
(i) Weight W on each roller. (ii) Reaction Ra at point A 
(ii) Reaction Rø at point B (iv) Reaction Rc at point C. 


In this case there will be no reaction at point D. 

Problem 4.14. Two identical rollers, each of weight W = 1000 N, are supported by an inclined plane 
und a vertical wall as shown in Fig. 4.17 (a). Find the reactions at the points of supports A, B and C. Assume 
ull the surfaces to be smooth. 


lIo00N 
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Sol. Given : 

Weight of cach roller = 1000 N 

Radius of cach roller is same. Hence line EF will be parallel to AB. 
Equilibrium of Roller P 

First draw the free-body diagram of roller Pas shown in Fig. 4.17 (c). The roller P has points of contact 
at A and D. Hence the forces acting on the roller P are = 

(i) Weight 1000 N acting vertically downward. 

(i) Reaction Ra at point A. This is normal to OA. 

(ii) Reaction Rp at point D. This is parallel to line OA. 

‘The resultant force in x and y directions on roller P should be zero. 

For ZF, =0, we have 

Rp sin 60° - Ry sin 30" =0 or Ry sin 60° = Ry sia 30° 


=R S050 = 0.577 Ry NJ 





For XF, 20, we have 
Rp cos 60° + Ra cos 30° ~ 1000 = 0 
(0.577 Ry) cos 60° + Ry cos 30* = 1000 
or 0.577 x 0.5 Ry + Ry x 0.866 = 1000 


1.1545 Ry = 1000 or Ry= 





Rp = 0.577 Ry) 


7: gs n 866.17 N. Ans. 


Substituting this value in equation (i), we get 
Rp = 0577 x 866.17 = 499.78 
Equilibrium of Roller Q 
‘The frec-body diagram of roller Q is shown in Fig. 4.17 (P). The roller Q has points of contact at B, C 
and D. 
‘The forces acting on the roller Q are : 
(i) Weight W= 1000 N 
(ii) Reaction Ra at point B and normal to BO ; 
(ii) Reaction Rc at point C and normal to CO ; and 
(iv) Reaction Rp at point D and parallel to BO. 
For YF, = 0, we have 
Rp sin 30° + Rp sin 60° -Rc 
or Rp x 0.5 + 449.78 x 0.866 -Rc = 0 
or Re=05 Ry + 4328 „iN 
For XF, = 0, we have 
Ry x cos 30° — 1000 — Rp x cos 60° =0 
or Ry x 0.866 — 1000 — 499.78 x 0.5 = 0 C Ro = 499.78) 
124989 
0866 











or 0.866 Ry-124989=0 or Ra =14433N. Ans. 


‘Substituting this value in equation (i), we get 
Re= 05 x 1443.3 + 4328 = 115445N. Ans. 


Problem 4.15. Two spheres, each of weight 1000 N and of radius 25 cm rest in a horizontal channel 
of width 90 cm as shown in Fig. 4.18. Find the reactions on the points of contact A, B and C. 
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Sol. Given : 

Weight of each sphere, W= 1000 N 

Radius of each sphere, R =25 cm 

& AF = BF = FD = DE - CE - 25cm 
Width of horizontal channel = 90 cm 

Join the centre E to centre F as shown in Fig. 4.18 (b). 


Now EF = 25 +25 = S0cm, FG 2 40 cm 
In AEFG, EG = VEF - FG! = VSF — 40° = VIRO 1000 = 30 
1000 N 1000N 
10008 1000N 
prece B 





d) [7] 
Fig 4.18, 





cos 0 and sin 





EF 





Equilibrium of Sphere No. 2 
The sphere 2 has points of contact at C and D. 
Let Re = Reaction at C i000W 
and Rp = Reaction at D 
The frec-body diagram of sphere No. 2 is shown in Fig. 
4.18 (0) 
The reaction Rp at point D, will pass through the centre 
E of the sphere No. 2, as any line normal to any point on the D 
ircumference of the circle will pass through the centre of 
circle. For the equilibrium of the sphere No. 2, the resultant Ro 
force in x and y directions should be zero. 
For EF, =0, we have Rp sin 8 = Rc 0 
For 0, we have Rp cos 0 = 1000 Fig 18) 
1000 1000 


= 











or Rp- 
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5,500 
= 1000%5 = SEN 





Substituting the value of Rp in equation (i, 





sind =e or SH 


3 
or 133333 = Re 
Ro= 1333.33 N. Ans. 
Equilibrium of sphere No. 1. The sphere 1 has points of contact at A, B and D. 


Let R, n at point A 
Ry = Reaction at point B 
The frce-body diagram of sphere No. 1 is shown in 
Fig. 4.18 (d). The reactions Ra, Ry and Rp wili pass through the. 
centre F of the sphere No. 1. 
For XF, =0, we have 
Ry=Rpsind=0 






213333N. Ans. 





For ZF, = 0, we have 
Ry ~ 1000 - Rp cos = 0 
* Ry = 1000 + Ro cos 6 
5000 3 3 
= 1000+ 200,7 -i) 
22000. Ans. 


Problem 4.16. Two smooth circular cylinders, each of weight W = 1000 N and radius 15 cm, are 
connected at their centres by a string AB of length = 40 cm and rest upon a horizontal plane, supporting above 
them a third cylinder of weight = 2000 N and radius 15 cm as shown in Fig. 4.19. Find the force S in the string 
AB and the pressure produced on the floor at the points of contact D and E. 


2000N 


x (Eee 


[I 


I000N 
1000N 


Fig 4.19 
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Sol. Given : 
Weight of cylinders 1 and 2 = 1000 N 
Weight of cylinder 3 =2000 N 
Radius of each cylinder — 15cm 
Length of string AB= 40cm 








AH 21x AB 21x 40 2 20cm. 





From AACH, sino = 2 ra 2. 0.657 


O= sin” 0.667 = 41.836", 
Equilibrium of cylinder 3. The cylinder 3 has points of 
contact at F and G. The reactions Ry and Rc will pass through 
the centre of sphere 3. ‘The free-body diagram is shown in 
Fig. 4.19 (c). Resolving forces horizontally, 
Ry sin 0 Rg sin 8 =0 











or Res Re i) 
Resolving forces vertically, 
Res 0 + Ra cos 0 2000 
or Ry cos 0 + Ry cos 0 = 2000 (7 Re=Re) 
Rye Og 190 342.1706 


Tx cos 0 ^ cos 418367 





Equilibrium of cylinder 1 
The cylinder 1 has points of contact at D and F. Also the 
cylinder 1 is connected to cylinder 2 by a string AB. To draw the 
free-body diagram of cylinder 1, there will be reactions Ry and 
Rp at points F and D as shown in Fig. 4.19 (d). Also there will 
be a force S in the direction of the string AB. 
For EF, = 0, we have 
S-Rpsin9=0 
S=Rysin® 
= 1342.179 x sin 41.836" 
[+ From equation (i), Ry = 1342.179) 
8952N. Ans. 
For XF, = 0, we have 
Rn- 1000 - Rp cos 0.2 0 
or Ry = 1000 + Re cos 8 
= 1000 + 1342.179 x cos 41.836 
= 1999.99 =2000N. Ans. 





4.19(b),  AC=AP+FC=15+15=30em 
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2000N 





Fig. 4.19 (0) 


1000N 


Fig. 4.194) 
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‘The equilibrium of cylinders 1, 2 and 3 taken. 
together. 2000N 
The three cylinders taken together have points 
of contact at D and E. The free-body diagram is shown 
in Fig. 4.19 (e). In this case only vertical forces exist. 
Hence resultant force in y-direction should be zero. 


Ro + Rg = 1000 ~ 2000 — 10000 = 0 





or Rg = 1000 + 2000 + 1000 — Rp 

or Re = 4000- Rp 
= 4000-2000 ^ Rp 2000) 
22000N. Ans. 





fig) 
Problem 4.17. A roller of radius 40 cm, weighing 3000 N is to be pulled over a rectangular block of 
ght 20 cm as shown in Fig. 4.20, by a horizontal force applied at the end of a string wound round the 





circumference of the roller. Find the magnitude of the horizontal force which will just turn the roller over the 

corner of the rectangular block. Also determine the magnitude and direction of reactions at A und B. All 

surfaces may be taken as smooth. 
Sol. Given : 





Find horizontal force P, reaction Ry and reac- 
tion Ry when the roller just turns over the block. 
When the roller is about to turn over the comer 
of the rectangular block, the roller lifts at the point A 
and then there will be no contact between the roller and 
the point A. Hence reaction Ry at point A will hecome 
zero. Fig. 420 
Now the roller will be in equilibrium under the action of the following three forces : 
(@ its weight W acting vertically downward 
(ii) horizontal force P 
(iii reaction Rp at point B. The direction of Ry is unknown. 
For the equilibrium, these three forces should pass through a common point. As the force P and weight 
Wis passing through point C, hence the reaction Ry must also passthrough the point C. Therefore, the line BC 
gives the direction of the reaction Rp. 
In ABOD. BO = Radius = 40 cm, 
OD = OA - AD = 40 — 20 = 20cm 
BD = VBO! - OD? = Va0? -20 = VIB = 3464 
Now in ABCD, tan 0= C5 CO OD" Goa) 79578 
^ 8 = tar! 0.5773 = 29.999" = 30° 
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11, Two identical rollers, each of weight SO N, are sup- 
ported by an inclined plane and a vertical wall as. 
shown in Fig. 4.33. Find the reactions at the points 
of supports A, B and C. Assume all the surfaces to be 
smooth. 

[Ans. Ry = 433 N, Rp = 72N, Re 525N] 





12, Two spheres, each of weight 50 N and of radius 
I0 em rest in a horizontal channel of width 36 cm as. 
shown in Fig. 4.34, Find the reactions on the points 
of contact A, B and C. 

[Ans. Ra = Re = 66.67 N, Ry = 100 N] 





Fig. 4.33 


Fig 434 
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Support Reactions 








5.1. INTRODUCTION 

When a number of forces are acting on a body, and the body is supported on another body, then the 
second body exerts a force known as reactions on the first body at the points of contact so that the first body 
is in equilibrium. The second body is known as support and the force, exerted by the second body on the first 
body, is known as support reactions. 


5.2. TYPES OF SUPPORTS 


‘Though there are many types of supports, yet the following are important from the subject point of 
view : 





(a) Simple supports or knife edge supports 
(b) Roller support 

(c) Pin-joint (or hinged) support P SS 
(d) Smooth surface support D rj 


(e) Fixed or built-in support. 


5.2.1. Simple support or knife edge support. |, 
A beam supported on the knife edges A and Bisshown ©) 
in Fig. 5.1 (a). The reactions at A and B in case of knife Ra Ra 


‘edge support will be normal to the surface of the beam. 
The reactions Ry and Ry with free-body diagram of the 
heam is shown in Fig. 5.1. (b). 

5.2.2. Roller Support. A beam supported on the rollers at points A and B is shown in Fig. 5.2 (a). The 
reactions in case of roller supports will be normal to the surface on which rollar are placed as shown in 


Fig. 5.2 (b). 
to) RA 
A 8 





sa 








Fig 52 
5:23. Pin joint (or hinged) support. A beam, which is 


hinged (or pin-joint) at point A, is shown in Fig. 53. The reaction at 
the hinged end may be either vertical or inclined depending upon S= 
the type of loading. If the load is vertical, then the reaction will also 
1. But ifthe load is inclined, then the reaction at the hinged 


end will also be inclined. Fig 83 
Di 
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5.2.4, Smooth Surface Support. Fig. 5-4 shows a body in contact with a smooth surface. The reaction 
will always act normal to the support as shown in Fig. 5.4 (a) and 5.4 (b). 


soov 
| . 
BODL Ima sunrace 


(e) [7] 
Fig s4 
$ shows a rod AB resting inside a sphere, 








whose surface are smooth, Here the tod becomes body 
and sphere becomes surface. The reactions on the ends 
cf the rod (i, at point A and B) will be normal to the A 
sphere surface at A and B. The normal at any point on -Boo 
the surface of the sphere will always pass through the X] oe 
centre of the sphere. Hence reactions Ry and Ra will 


DA 


w 





5.2.5. Fixed or built-in Support. Fig. 5.6 
shows the end A of a beam, which is fixed. Hence the 
support at A is known as a fixed support. In case of fixed support, the reaction will be inclined. Also the fixed 
support will provide a couple. 





Fig. SS 


Fig S6 
5.3, TYPES OF LOADING 
‘The following are the important types of loading + 








(a) Concentrated or w 
(b) Uniformly distributed load, and 
(c) Uniformly varying load. 
5.3.1. Concentrated or point load. Fig. 5.7 showsa — A e 
beam AB, which is simply supported at the ends A and B. A load c 
at the point C. This load is known as point load (or Ry Rel 





'd load). Hence any load acting at a point on a beam, 
is known as point load. 
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The given beam is drawn to a suitable scale along with the loads and the reactions Ry and Rg. This step 
is known as construction of space diagram. 
The different loads and forces (i-e. reactions Ry and Rp) are named by two capital letters, placed on 
their either side of the space diagram as shown in Fig. 5.11. This step is known as Bow's notation. The load 
is named by PQ, Wz by QR, reaction R by SR and reaction Ry by SP. 
Now the vector diagram is drawn according to the following steps : 
(i) Choose a suitable scale to represent the various loads. Now take any point p and draw pq parallel. 
ond equal to the load PQ (ie. W)) vertically downward to the same scale. 
i) Now through q, draw qr parallel and equal to QR vertically downward to the same scale. 
ii) Select any suitable point ©. Now join the point O to points p, q are r as shown in Fig. 5.11 (h). 
(v) Now in Fig. 5.11 (a). extend the lines of action of the loads and the two reactions. Take any point 
1. on the line of action of the reaction R4. Through 1, draw the line 1-2 parallel to pO, intersecting the line of 
vetion af load W, 
(v) Now from point 2, draw line 2-3 parallel to qO. intersecting the I 
Similarly, from. point 3, draw the line 3-4 parallel to 7O, intersecting the 
point 4. 




















of action of load W at 3. 
of action of reaction Ry at 








(a) Space diagram. (b) Vector diagram 
Fig Sa 
(vi) Now join the point 1 to point 4. The line 1-4 is known as closing line. Now from point O (i.e. from 
vector diagram) draw line Os parallel to line 1-4. 
(vif) Now in the vector diagram the length sp represents the magnitude of reaction Ry to the same scale. 
Similarly, the length rs represents the magnitude of reaction Rp to the same scale. 
5.5. PROBLEMS ON SIMPLE SUPPORTED BEAMS 
Problem 5.1. A simply supported beam AB of span 6 m carries point loads of 3 kN and 6 kN at a 
distance of 2 m and 4 m from the left end A as shown in Fig. 5.12. Find the reactions at A and B analytically 
and graphically. 
Sol Given : 
Span of beam 
Let Ry= 
Ry = Reaction at B 
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(a) Analytical Method. As thc beam is 
in equilibrium, the moments of all the forces m ul 
about any point should be zero. 

Now taking the moment of all forces 
about A. and equating the resultant moment to 


peter i! 





Ryx6-3x2-6x4=0 pus 
w 6Ry s 6 24230. Ry Re 
Ry= 2a SKN. Ans 

nesa 


Also for equilibrium, XF, =0 

- Ry +Ry=346=9 

Ry =9-Ry=9-S=4KN, Ans. 

® Graphical Method. First of all draw the space diagram of the beam to a suitable scale. Let 1 em 
length in space diagram represents 1 m length of beam. Hence take AB = 6 em, distance of load 3 kN from A 
2 cm and distance of 6 KN from A = 4 cm as shown in Fig. 5.13 (a). 

Now name all the loads and reactions according to Bow's notation i. lad 3 kN is named by PQ, load 
(KN by QR, reaction Ry by SR and reaction Ry by SP. 

Now the vector diagram is drawn according to the following steps : [Refer to Fig. 5.13 (b)]. 

1. Choose a suitable scale to represent various loads. Let 1 cm represents | kN load. Hence load PO 
(es 3 kN) will be equal to 3 cm and load QR (Le., 6kN) 6 cm. 

2. Now take any point p and draw line pq parallel to load PQ (ie., 3 kN). Take pq = 3 cm to represent 
the load of 3 kN. 

3. Through q, draw line gr parallel to load QR (Le.. 6 KN). Cut gr equal to 6 cm to represent the load 
Of KN. 











3N 6kN 
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(0) Spoce diagram (b) Vector diagram 
Figs 
4. Now take any point O. Join the point O to the points p, q and r as shown in Fig. 5.13 (b). 
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. 5.13 (a), extend the lines of action of the loads (3 kN and 6 kN), and the two reactions. 
| onthe line of action ofthe reaction Ry. Through 1, draw the ine 1-2 parallel toO. intersecting 
the line of action of load 3 kN at point 2. 

6. From point 2, draw line 2-3 parallel to qO, intersecting the line of action of load 6 kN at 3. 
from point 3, draw a line 3-4 parallel to rO, intersecting the line of action of reaction Ry at point 4. 

7. Join 1 104. The line 1-4 is known as closing line. From the vector diagram, from point O, draw tine 
Os parallel to line 1-4. 

R. Measure the length sp and rs. The length sp represents the reaction Ry and length rs represents the 
reaction Ry. 

By measurement, sp=4em and rseScm 

n Ry = Length sp x scales 4x kN s 4kN,. Ans. 

Ry = Length rs x scale = Sx 1KN=SKN. Ans. 

Problem $2. simply supported beam AB of length 9 m, carries a uniformly distributed loud of 

10 kNim for a distance of 6 m from the left end. Calculate the reactions at A and B. 











Sol. Given : 

Length of beam 29m 
Rate of U.D.L- = 10KN/m 
Length of U.D.L. =6m 


Total load due to U.D.L. = (Length of U.D.L.) x Rate of U.D.L. 
6x 0 GOkN 


10 kN/m 





9m 


Fiesi 
This load of 60 KN will be acting at the middle point of AC ie., at a distance of É = 3 m from A. 


Let Ry=ReactionatA and Ry = Reaction at B 
raking the moments of all forces about point A, and equating the resultant moment to zero, we get 
RyX9~(6 10)x3=0 or 9Ry- 180=0 


^ Ber 42 204N. Ans. 








Also for equilibrium, 2F,=0 
or Ry + Ry =6 x 102 60 
E Ry =60-Rp=62-20=40kN. Ans. 


Problem 5.3. simply supported beam of length 10 m, carries the uniformly distributed load and two 
point loads as shown in Fig. 5.15. Calculate the reactions Ry and Rp. 


Sol. Given : 
Length of beam =10m 
Length of U.D.L. =4m 


Rate of U.D.L. = 10KN/m 
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SOKN 40kN 


clem] 
= ——————4m -——— ám =a 


Fig 5.15 
Total load duc to U.D.L. 2 4 x 10 = 40 kN 
‘This load of 40 kN due to U.D.L. will be acting at the middle point of CD, e. ata distance of $ = 2m from 
C (or at a distance of 2 + 2 = 4 m from point A). 
Let Ry = Reaction at A 
and Ra = Reaction at B, 
Taking the moments of all forces about point A and equating the resultant moment to zero, we get 











Rex 19-50 2-40x@+4)-W0~4(2+5) 0 


or 10Ry ~ 100—240 - 160 = 0 
or 10R, = 100 +240 + 160 = 500 
500 
s Rya Sp = SDKN. Am. 
Also for equilibrium of the beam, EF, = 0 
Ry + Rp = Total load on the beam = 50+ 10 x 4 +40 = 130 
Ry = 130—Ry= 130-50 = 80KN. Ans. 


Problem $4.A simply supported beam of span 9 m caries a uniformly varying load from zero at ent 
A ta 900 Nim at end B. Calculate the reactions at the two ends of the support. 





Sol. Given : 

Span of beam -9m 
Load at end A= 

Load at end B=900Nim 


Total load on the beam = Arca of ABC = 





ABxBC _ 9x900 
2 2 
= 4050N 


Fig 5.16 
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or 





1 2 
essai (Lesen) (33) 0 


or SR — 1000 — 6666.66 = 0 
or SRy = 1000 + 6666.86 1656655 
» iio 5665 a, Ams 


Alo for the equilibrium of the beam, ZF, «0 
à Ry + Ry = Total load on the beam 
= 6000 Total load on beam = 6000 N) 
Ry 6000 — Ry = 6000 - 3333.33 = 2666.67 N. Ans. 
5.6. PROBLEMS ON OVERHANGING BEAMS 


Ifthe end portion of a beam is extended beyond the suppor, then the beam is known as over hanging 
beam. Over hanging portion may be at one end of the beam or at both ends of the beam as shown in Fig. 5.18. 








ERG OVER. 
HANGING 
PORTION SIMPLY SUPPORTED PORTION PORTION 


re eee eae 


——— 


Fig 5.18 
Problem 5.6. A beam AB of span 8 m, overhanging on both sides, is loaded as shown in Fig. 5.19. 
Calculate the reactions at both ends. 
Sol. Given 
Span of beam = 8 m 
Let Ry = Reaction at A 











and 
2000N 1000N 
A 8 
Sm——+| 
hsm. Bm 
N Re 
Fesi 
"Taking the moments of all forces about point A and equating the resultant moment to zero, we get 
Ry x 8 + 800 x 3 ~ 2000 x 5 — 1000 x (8 42) 20 
or SRy + 2400 — 10000 — 10000 = 0 
or SR = 20000 — 2400 = 17600 
Ra= 17600 _ 2200 N, Ans. 
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Also for the equilibrium of the beam, we have 
Ry + Rp = 800 + 2000 + 1000 = 3800 
=3800- Ra = 3800—2200 = 1600 N. Ans. 
Problem 5.7.A beam AB ofspan 4m, overhanging on one side upto a length of 2m, carries a uniformly 
distributed load of 2 kN/m over the entire length of 6 m and a point load of 2 kN[m as shown in Fig. 5.20. 
Calculate the reactions at A and B. 


Sol. Given : 
Span of beam zám 
“Total length =6m 
Rate of U.D.L. =2kNIm 
Total load due toUD.L. — 22x67 12KN 
2kN 
2kN/n 
M = c 
4m m—e| 
Ra Ry 
p 





‘The load of 12 kN (Le.. due to U.D.L.) will act at the middle point of AC, ic. at a distance of 3 m 
from A. 
Let Ry = Reaction at A 
amd Ry = Reaction at B. 
Taking the moments of all forces about point A and equating the resultant moment to zero, we get 
Ry x4~(2%6)x3-2x(442) 20 
or ARS -36- 1220 
or 4Ry = 36 +12 = 48 


Raz “p= 1210. Ans. 





Also for equilibrium, EF,=0 or Ry+Rp=12+2=14 
^ Ry=14—Ry= 14-12=2KN. Ans. 


5.7. PROBLEMS ON ROLLER AND HINGED SUPPORTED BEAMS 

In case of roller supported beams, the reaction on the roller end is always normal to the support. All 
the steel trusses of the bridges is generally having one of their ends supported on rollers. The main advantage 
‘of such a support is that beam, due to change in temperature, can move easily towards left or right, on account 
of expansion or contraction. 

In case of a hinged supported beam, the reaction on the hinged end may be either vertical or inclined, 
depending upon the type of loading. The main advantage of a hinged end is that the beam remains stable. 
Hence all the steel trusses of the bridges, have onc of their end on rollers and the other end as hinged. 

Problem 5.8.A beam AB 1.7 m long is loaded as shown in Fig, 5.21. Determine the reactions at A and B. 

Sol. Given : 

Length of beam = 1.7 m 
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Let Ry = Reaction at A 


and Ry = Reaction at B. 





Fig. 521 
Since the beam is supported on rollers at B, therefore the reaction Ry will be vertical. 
‘The beam is hinged at A, and is carrying inclined load, therefore the reaction R, will be inclined. This 
means reaction R will have two components, Le. vertical component and horizontal component. 
Let Rax = Horizontal component of reaction Ry 


Ray = Vertical component of reaction Ry. 
First resolve all the inclined loads into their vertical and horizontal components. 





(i) Vertical component of load at D 
= 20 sin 60° = 20 x 0.866 = 17.32 N 


and its horizontal component 
= 200s 60" = 10N — 


(ii) Vertical component of load at E 


= 30sin 45° 22121 N 





and its horizontal component 
= 30 cos 45° = 21.21 N — 


(iii) Vertical component of load at B. 

= 15 sin 80° = 1477 N 

and its horizontal component 

= 15.cos 80° = 2.6N — 
From condition of equilibrium, EF, = 0 


or Ray 104212172620 
Rae 10-2121 4262-861 N 


— ve sign shows that the assumed direction of Rax (Le., horizontal component of R4) is wrong. Correct 
direction will be opposite to the assumed direction. Assumed direction of Rax is towards right. Hence correct 


direction of Rax will be towards lef at A. 


or 








Ra 8.61 N = 
To find Rp, take moments" of all forces about A. 
For equilibrium, EM, =0 


50 x 20 + (20 sin 60°) x (20 + 40) + (30 x sin 45°) 
x (20 + 40 + 70) + (15 sin 80°) x (170) - 170 Ry = 





"The moment of all horizontal components about point A, will be zero. 
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or 1000 + 1039.2 + 2757.7 +2511 - 170 Ra =0 
or 7307.9 -170Rg=0 





To find Ray, apply condition of equilibrium, ZF, = 0 

or Ray + Rg = 50 + 20 sin 60° + 30 sin 45* + 15 sin 80° 
or Ray + 42.98 = S0 + 1732 + 21.21 + 14.77 = 1033 
Ray = 103.3 - 42.98 = 60.32 N f 


ReactionatA, Ra = VR à+ Ray 





Rax 8-6IN 
= V&SU 60327 ^ 
= 6092N R 
The angle made by Ry with x-direction is given by ad 
Ray _ 6032 
tan 0= R= ux 27006 Ray" 60.32 
- 0 = tan 7.006 = 8187". Ans. Fig. 52100) 


Problem 5.9. A beam AB 6 m long is loaded as shown in Fig. 5.22. Determine the reactions at A and. 
B by (a) analytical method, and (b) graphical method. 


Sol. Given : 
Length of beam -6m 
Let Ry = Reaction at A 


Ry = Reaction at B. 
The reaction Rp will be vertical as the heam is supported on rollers at end B. 


SkN  AkN 








Fig. 522 
‘The reaction Ry will be inclined, as the beam is hinged at A and carries 
Let Rax Horizontal component of reaction Ry 


Ray = Vertical component of reaction Ry. 
(a) Analytical Method. First resolve the inclined load of 4 KN into horizontal and vertical components. 
Horizontal component of 4 kN at D 

=4 cos 45° = 2.828 kN — 


and its vertical component 





sin 45° = 2.828 KN | 
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For equilibrium, — ZF,- 
= Rut 2828 
or Rax =2828N 
To find Rp, take the moments* of all forms about point A. 
For equilibrium, ZM, =0 


Rox6-5x2-2x vs (243)- ese meno 








or 6Ra-10-9-11312=0 
or 6Ry = 10494 11312 430312 
DET 





7$. 
To find Ray, apply the condition of equilibrium, ZF, = 0 
^ Ray + Ra 5- (15 x2)- 4sin4S* 20 
or Ray + $0532-5-3-2828 = 
Ray =~ 5.052 +S +3 +2828 = 5.776 KN 

Reaction at A is given by 








Re VR RÀ 
= V288 5.7167 Rd 
= VIDITS SSE q 
= VAT355 = 643 KN. Ans r 
Let 0 = Angle made by Ry with x-direction. x 
Ray 5776kN 
Fig.5220) 





O= tan! 20424 = 639*.. Ans. 
(b) Graphical Method. First of ali convert the uniformly distributed load (U.D.L. into its equivalent 
point load acting at the C.G. of the portion on which U.D.L. is acting. Hence total load due to U.D.L. will be 
1,5x 22 3 kN acting at a distance of 3 m from point A : 
(0 Now draw the space diagram of the beam according to some suitable scale, as shown in 
Fig. 5.23 a). 
(i) Name all the loads and reactions according to Bow's notati 
shown in Fig. 5.23 (b). Choose any suitable scale for vector diagram. 
(iii) Take any point p for drawing vector diagram. From p, draw line pq parallel and equal to load 5 kN 
(ie. load PQ). From q, draw gr parallel and equal to 3 kN. From r, draw rs parallel and equal to 4 kN load. 
(iv) Now take any point O, and join Op, Og, Or and Os. 
(v) Now in space diagram [ie.. Fig. 5.23 (a)], extend the lines of actions of loads PQ, QR, RS and 
reaction Rp. 
(vi) Take any point 1, vertically below the point A as shown in Fig. 5.23 (a). From point 1, draw line 
1-2 parallel to line pO, intersecting the line of action of 5 KN at point 2. 
(vid) Similarly, draw lines 2-3, 3-4 and 4-5 parallel to gO, rO and sO respectively. Join point 1 05. Line 
1-5 is the closing line in space diagram. 





X. Now draw the vector diagram as 








"The moment of horizontal component about A, will be zero- 
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P 
«| 
D 
s 
(@) Space diagram (b) Vector diagram. 


Fig 523 
(viii) From O in vector diagram, draw a line parallel to closing line 1-5. Now through s, draw a line st 
vertical (as the reaction Rp is vertical, intersecting the linc through O at t. Join tto p. 

(ix) The length st represents the reaction Ry in magnitude and direction whereas the length p gives the 
magnitude and direction of reaction Ra. At point A, draw a line parallel to {p as shown in Fig. 5.23 (a). By 
measurement, we get 

Ry = length tp = 643 kN 
Rp = length st = 5.052 kN 
and 92261". 
Problem 5.10. A beam AB 10 m long is hinged at A and supported on rollers over a smooth surface 
inclined at 30° to the horizontal at B. The beam is loaded as shown in Fig. 5.24. Determine reactions at A 
and B. 





Sol. Given : 

Length of beam — «10m 

Let Ry = Reaction at A 
and Ry = Reaction at B. 


4kN SiN 





Fig S28 

The reaction Rg will be normal to the support as the beam at B is supported on the rollers. But the 
support at B is making an angle 30° with the horizontal or 60° with the vertical as shown in Fig. 5.24. Hence 
the reaction Ry is making an angle of 30° with the vertical. 
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The vertical component of Re 
= Ra cos 30° B — Rasin30" 





and horizontal component of Rp. 
= Rasin 30* 
These components are shown in Fig. 5.24 (a). 
Resolving the load of 5 kN acting at D into horizontal and 





vertical components, we get Retos 30° 
Vertical component of 5 kN meia) 
= 5 sin A5* = 5x007 43.585 kN 
Horizontal component of 5 kN 
= 5 cos 45° = 5x 0.707 =3535 KN 
"The reaction at A will be inclined, as the end A is hinged and beam carries inclined loud, 
Let Rux = Horizontal component of reaction Ry 


Ray = Vertical component of reaction Ra 
For equilibrium of the beam, the moments of all forces about any point should be zero. 
‘Taking the moments* about point A, 
(Rp cos 30°) x 10—4 x25 ~(S sin 45°) x 5-5 x8 =0. 
8.66 Ry - 10—17675- 400 











O+ 17.675 + 40. 

or AOS NTSIS #40 -781kN. Ans. 
For equilibrium, £F, =0 

or Ray + 5 cos 45° - Ry sin 30° =0 


or Ruy 3535-781 x05 =0 
E Ruy = 781x05-3.535 2037 KN 
For equilibrium, — XF,»0 
$ Ray + Ry cos 30* -4—55in45*- 520 
or Ray +781 x0866-4-3535-5 20 
or Ray + 6.763 - 12.535 = 0 
or Ray = 12.535 —6763 = 5.77 KN 
^o ReactionatA, Ry = VRA; + RA = VORP + STF Ray 
578kN. Ans. 
The angle made by R, with x-direction is given by Fig 5.24 (b) 





21559 


Ostan! 5598639". Ans, 
Problem 5.11. Determine the reactions athe hinged support A and the roller support B as shown in 
Fig. 5.25 (a). 
Sol. Given : 
The support at A is hinged whereas the support at B is placed on the roller. Hence the reaction at the 
roller support will be perpendicular to the inclined surface. 





“The moments of horizontal components of 5 EN at D and of reaction Rj will be zero about the point A 
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500N 500N 





Re 
Fig. 5.25 (a) 

The reaction at the hinged support A (i.e., reaction R4) will be inclined at some angle to the incline? 
surface AB. 

Let Rav= Component of reaction R, normal to inclined surface AB 

Ray = Component of reaction R4 along the inclined surface AB. 

The given vertical force of 500 N at C is resolved parallel and perpendicular to the inclined surface 
AB. The value of its component parallel to the inclined surface is equal to 500 sin 30° or 250 N and its value 
perpendicular to the inclined surface is equal to 500 cos 30” or 250 x V5 N. The directions of these components 
are shown in Fig. 5.25 (b). 

Similarly, the vertical force of 500 N at D is resolved as shown in Fig. 5.25 (b). 





Fig 5250) 
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Now sum of the components parallel to the inclined surface AB = 500 sin 30° + 500 sin 30* = 250 
+ 250 = 500 N acting from left to right. 
Hence the value of the reaction component Ray would be equal to 500 N and should act from right to 
left as shown. 
To find Rp, take the moments of all forces about point A shown in Fig. 5.25 (a). 
Hence applying EM, = 0, we get 
500 AC + S00 x AD = Re x AB 





But AC =Scm,AD= 10cm 
From AABD, cos 30° = 42 
. a, 
AD | 10x2 20 
Hence PR * 


Hence above equation becomes, 
500 x5 +500%10= Ryx Fg or 2500+ 5000= Ra ZF 
Ry = 2500+ S008 gag i, Ans. 
Now from Fig. 5.25 (b) equating all the forces perpendicular to the inclined surface AB, we get 
Ray + Ry = 500 x cos 30° + $00 cos 30° 
or Rav + 649.5» 1000 cos 30° = 1000 x 


" m" 


But Ruy = 50N 
* Ry = Vai + Ray = VS0 «216.5 = SASN. Ans. 
Problem 5.12. Find reactions at supports of an L-bent shown in Fig. 5.26. 
Sol. Given : 
Force at point D = 100 N at an angle of 30* with horizontal 
Force at point C « 70 N at an angle of 45° with vertical 

100N 
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Load on EF = 250 N/m = 250 x Length EF in metre 
= 250x 0.6 = ISON 


1008 





Fig 5.27 (e) 

The loaa on EF will be acting at the middle point of EF èe., at a distance of 0.6/2 = 0.3 m from E or 
at a distance of 0.6 + 0.3 = 0.9 m from A. The point B is placed on roller at an angle of 20° with the horizontal. 
Hence reaction at B will be normal to the surface of the roller 

The perpendicular distance from A on the line of action of Ry = AO = AB cos 20° = 180 x cos 20° em 
= 1,8 cos 20° m as shown in Fig. 5.27 (a). For equilibrium of the beam, the moments of all forces about any 
point should be zero. Taking moments of all forces about point A, we get 

[Horizontal component at D] x AD ~ [Horizontal component at C] 
XAC + Load on EF x 90 - Ry x AO « 0 
or (100 cos 30) x 80 — (70 x sin 45) x 40 + 150 x 90— Rp x 180 cos 20 =0 

(Note. The vertical components at D and C, pass through the point A. Hence moments of these vertical components 
about A are zero) 














or 6928 ~ 1979.6 + 13500 ~ 169.14 Ry = 0 
or 184484 = 169.14 Ry Ra Rp cos 20° 
Ry = etd = 10907 

Let Ry = Reaction at the point A 

‘The reaction at A can be resolved in two components e, 
Rar and Ray 

For equilibrium, ZF, = 0 
OF Rar + 100 cos 30° — 70 sin 45° — Ry sin 20 = 0 - 
or Rar = Ry sin 20° + 70 sin 45° — 100 cos 30° Nus 20" 

= 109.07 x 0.342 + 70 x 0.707 — 100 x 0.866 Fig 5270) 


237344949 -8662019N 
For equilibrium, ZF, 2 0 
or Ray + 100 sin 30* + 70 cos 45° + Rp cos 20° = 150 
or Ray 150— 100 sin 30* — 70 cos 45° — Ry cos 20° 
= 150 50. 49.49 — 109.07 x 0.9396 « 51.98 N 
(ve sign means, Ray will be acting vertically downward) 
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Refer to Fig. 5.27 (c) 
i: Ry=VRg+ Re J 
or Ra = V019 + (5198F 
= VOOr 270182 


=519803KN. Ans. 
The angle made by Ry with x-axis is given by 

Ry 

neg" 019 


^ 8 = tun 273.57 = 89.79" Ans. 


5.8, PROBLEMS WHEN BEAMS ARE SUBJECTED TO COUPLES 

In this section, the reactions of the beam will be calculated when beams are subjected to clockwise or 
anti-clockwise couple along with the other loads. While taking the moments about any point, the magnitude 
and sense of the couple is taken into consideration. But when the total load on the beam is calculated the 
magnitude and sense of the couple is not considered. 

Problem 5.13. A simply supported beam AB of 7 m span is subjected to : (i) 4 kN m clockwise couple 
«at 2m from A, (i) 8 kN m anticlockwise couple at 5 m from A and (ii) a triangular load with zero intensity 
‘at 2m from A increasing to 4 kN per m at a point 5 m from A. Determine reactions at A and B. 

Sol. Given : 

Span of beam = 7 m. 

Couple at C (Le. at 2 m from A) = 4 kN m (clockwise) 

Couple at D (ie., at Sm fromA) = 8kN m anti-clockwise) 

“Triangular load from C to D with : 

Vertical Load at C 0 

Vertical Load at D = 4 kN/m 


2 Total load on beam = Area of triangle CDE = 


Ray 


Fig 5:2740) 














CDxDE 3x4 
ZDE LIAL 6kN 





Figs2s 
This load willbe acting at the C.G. ofthe ACDE Le., at a distance of x CD = 3 «3 = 2 m from C 
0r2+2+4m from end. 
Let Re Reaction at A. 


R, 





teaction at B. 
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Taking the moments of all forces about point A and equating the resultant moment to zero (e, EM, 
= O and considering clockwise moment positive and anti-clockwise moment negative), we get 
~Rax7 +4*~8°* + (Total load on beam) x Distance of toa lod from A) =0 


or ~7Ry+ 4-8 +6x4=0 
~TRy+4-8424=0 
or 20=7Rs 


š Ee 


Also for the equilibrium of the beam ZF, = 0 
or R4 + Ry = Total load on the beam = 6 kN 





R6 Rye 6- Da Ps, Ans. 


1. The reaction at the knife edge support will be normal to the surface of the beam. 

2. The reaction in case of roller support will be normal to the surface of roller base. 

3. The reactionat the hinged end (or pinned end) willbe ether vertical or inclined depending upon the type of loading, 
{he load is vertical, thea reaction will be vertical. But if the load is inclined, then the reaction will also be inclined. 

4. For a smooth surface, the reaction is always normal to the support. 

5. A load, acting at a point on a beam, is known as point load or concentrated load. 

6 Meach unitlength ofthe beam carries same intensity of load, then that type of load is known as uniformly distributed 
load which is writen as U.D.L. 

7. The reactions of a beam can be determined by analytical method and graphical method. 

8% The reactions by analytical method are obtained by using equations of equilibrium, ie., ZF, = 0, ZF, = 0 and IM 
=o. 

9. The reactions by graphical method are obtained by drawing a space diagram and a vector diagram. 

10, Wa beam is loaded with inclined loads, then the inclined loads are resolved normal to the beam and along the 
beam. Now the equations of equilibrium are vsed for finding reactions. 
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A. Theoretical Questions 

1. Explain the term ‘support reactions.” What are the different types of support ? 

Lo What is the difference between a roller support and a hinged support ? 

3. Whatarethe important types of loading ona beam ? Differentiate between uniformly distributed load and uniformly 
varying load on a beam. 

4. Name the different methods of finding the reactions at the two supports of a beam. 

S. Abeam AB of length L is simply supported at the ends A and B. It caries two point loads W and Wa at a distance 
Ly and La from the end A respectively. How will you find the reactions Ry and Rg by analytical method. 

6 Describe in details the different steps involved in finding tbe reactions of a beam by graphical method. 

7. Define and explain an overhanging beam. 

8. Whatisihe main advantage of roller support in case of the steel trusses of the bridges ? 





"The couple at C i54 kN m clockwise. Hence its sense is positive. 
"The couple at D is 8 kN m antf-clockwise. Hence its sense is negative. The couple is also moment. 
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(B) Numerical Problems. 
1. A simply supported beam of length 8 m carries point loads of 4 kN and 6 KN at a distance of 2 m and 4 m from 
the left end, Find the reactions at both ends analytically and graphically. [Ans 6 kN, 4 kN] 


2 A simply supported beam of length 8 m carries a uniformly distributed load of 10 kN/m for a distance of 4 m, 
starting from a point which is at a distance of 1 m from the left end. Calculate the reactions at both ends. 

(Ams. 25 kN, 15 kN] 

A beam 6 m long is simply supported at the ends and carries a uniformly distributed load of 1.5 kN/m and three 

concentrated loads 1 KN, 2 kN and 3 kN acting respectively at a distance of 1.5 m, 3 m and 4.5 m from the left 





end. Calculate the reactions at both ends. TAns. 7 KN, BN] 
4. A simply supported beam of span 10 m carries a uniformly varying load from zero at the left end to 1200 N/m at 
the right end. Calculate the reactions at bot ends of the beam. [Ans 2000 N and 4000 N) 





A simply supported beam AB is subjected toa distributed load increasing from 1500 Nim to 4500 Nim from end 
A to end B respectively. The span AB = 6 m. Determine the reactions at the supports. 
[Ans. Ry = 7500 N, Ry = 10500 N) 
6 An overhanging beam carries the loads as shown in Fig. 59. Calculate the reactions at both ends. 
[Ans Ra = 1 KN, Ry GN] 


N 
2kN/m 
D c 
p — 2m Im -1 


529 
7. An overhanging beam carries the loads as shown in Fig. 5.30. Calculate the reactions at both ends. 
[Ans. Ry = 10 KN, Ry = 11 kN] 





kN 4KN 





1kN/m L6kN/m 





Fig. 530 
8 A beam is loaded as shown in Fig. 5.31. Determine the reactions at both ends. 
[Ans Ray = 2875 kN, Ran = 5.196 KN =, Ry 





6kN E 
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A beam AB of span 6 m is hinged at A and supported on rollers at end B and carries load as shown in Fig. 5.32. 
Determine the reactions at A and B. [Ans Rav = 587 kN, Ran = 3222 kN =, Rg = 73 kN] 





: 6kN 8kN 





Fig. 532 
10. A beam AB of span 8 m is subjected to the uniformly distributed load of 1 kN/m over the entire length and the 
moment 32 kN/m at C as shown in Fig. 5.33. Determine the reactions at the both ends. [Ans. Ry = 0, Rg = 8 kN] 


kN/m 32kN-m 


2m 
Bm 


Fig 533 
11. Asimply supported beam AB is subjected toa distributed load increasing from 1500 N/m to 4500 N/m from end 
A to end B. The span AB = 6 m. Determine the reactions at the supports. 





Fig S34 
30006 
2 








[Hint. Arca of rectangle = 1500 x 6 = 9000 N, Area of triangle = = 9000 N. C.G. of rectangle from 


A3. CG.aftinge toms 246-40. 


XM, = 0,6 Ry = 9000 x 3 + 9000 x 4 = 63000 
Ra = 10500 N. Ry = (9000 + 9000) — 10500 = 7500 N] 
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Suppose we add a set of two members and a joint again, we get a perfect frame as shown in Fig. 62 (b). 
Hence for a perfect frame, the number of joints and number of members are given by, 
a22j-3 
where. n = Number of members, and 
j= Number of joints. 
6.2.2. Imperfect Frame. A frame in which number of members and number of joints are not given by 
n22j-3 
is known, an imperfect frame. This means that number of members in an imperfect frame will be either more 
or less than (2j -). 
(D If the number of members in a frame are less than (2j — 3), then the frame is known as deficient 
frame. 
(i) V£ the number of members i 
frame. 
6.3, ASSUMPTIONS MADE IN FINDING OUT THE FORCES IN A FRAME 
‘The assumptions made in finding out the forces in a frame are : 
(i) The frame is a perfect frame 
(ii) The frame carries load at the joints 
(ii) All the members are pin-joined. 


6.4, REACTIONS OF SUPPORTS OF A FRAME 

‘The frames are generally supported 

(i) on a roller support or 

(id on a hinged support. 

Ifthe frame is supported on a roller support, then the line of action of the reaction will be at right angles 
to the roller hase as shown in Figs. 6.3 and 6.4. 


If the frame is supported on a hinged support, then the fine of action of the reaction will depend upon 
the load system on the frame. 





a frame are more than (2j — 3), then the frame is known as redundant 








Fig 63 
The reactions at the supports of a frame are determined by the conditions of equilibrium. The external 
load on the frame and the reactions at the supports must form a system of equilibrium. 
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~ 


Fig. 64 
6.5. ANALYSIS OF A FRAME 

Analysis of a frame consists of : 

(Ð Determinations of the reactions at the supports and. 

(ii) Determination of the forces in the members of the frame. 

“The reactions are determined by the condition that the applied load system and the induced reactions 
at the supports form a system in equilibrium. 

The forces in the members of the frame are determined by the condition that every je 
equilibrium and so, the forces acting at every joint should form a system in equilibrium, 

‘A frame is analysed by the following methods : 

(i) Method of joints, 

(ii) Method of sections and 

(ii) Graphical method. 

6.5.1. Method of Joints. In this method, after determining the reactions at the supports, the equilibrium 
of every joint is considered. This means the sum of all the vertical forces as well as the horizontal forces acting 
on a joint is equated to zero. The joint should be selected in such a way that at any time there are only two 
members, in which the forces are unknown. The force in the member will be compressive if the member pushes 
the joint to which it is connected whereas the force in the member will be tensile if the member pulls the joint 
to which it is connected. 

Problem 6.1. Find the forces in the members AB, AC and BC of the truss shown in Fig. 6.5. 

Sol. First determine the reactions Ry and Rc. 

‘The linc of action of loadof 20 kN acting at A is vertical. 
‘This load is at a distance of AB x cos 60° from the point 
B. Now let us find the distance AB. 

The triangle ABC is a right-angled triangle with. 
angle BAC = 90°, Hence AB will be equal to BC x cos 
60". 





should be in 














jour 





50 AB 2S x008 60 =5x$=25m 
Now the distance of line of action of 20kN from ear 71 
Bis AB x cos 60" or 25 x1=1.25m. 


‘Taking the moments about B, we get Fig. 65 
Rex5=20 125 =25 





and 
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Now let us consider the equilibrium of the various joints. 
Joint B 

Let F, = Force in member AB 

Fz = Force in member BC 

Let the force F: is acting towards the joint and the force 
F is acting away* from the joint B as shown in Fig. 6.6. (The 
reaction Ra is acting vertically up. The force F3 is horizontal. The 
reaction Rp will be balanced by the vertical component of Fi. 
The vertical component of F; must act downwards to balance 
Rp. Hence F, must act towards the joint B so that its vertical 
component is downward. Now the horizontal component of Fy, 
is towards the joint B. Hence force Fz must act away from the 
joint to balance the horizontal component of F). Fig 66 

Resolving the forces acting on the joint B, vertically 

F; sin 60° = 15 
Fy = tS = c = 1732 kN (Compressive) 
17 sin 60° ^ 0.866 

‘As F is pushing the joint B, hence this force will be compressive. Now resolving the forces horizontally, 

we get 











Fy = F, cos 60* = 17.32 js kN (tensile) 


As Fz is pulling the joint B, hence this force will be tensile. 
Joint C 

Let Fy = Force in the member AC 

F = Force in the member BC 

“The force Fz has already been calculated in magnitude " 
and direction. We have seen that force Fz is tensile and hence it 
will pull the joint C. Hence it must act away from the joint C as 
shown in Fig. 6.7. fs 

Resolving forces vertically, we get 

Fy sin 30° = SKN 8 © & Y 

P Fy P =10KN (Compressive) 

As the force Fs is pushing the joint C, hence it will be 
compressive. Fig. 67 

Problem 62. A truss of span 7.5 m carries a point load of 1 kN at joint D as shown in Fig. 68. Find 
the reactions and forces in the members of the truss. 

Sol. Let us first determine the reactions Ry and Rp 

Taking moments about A, we get Ry x 75 = 5 x 1 

52 
Rede e 20667 KN 

The direction of Fy con also be takea towards the joint B. Actually when we consider the equilibrium ofthe joint 
Mif ihe magnitude of F, and Fa comes out to be positive then the assumed direction of Fy and Fz are correct. But if any 
‘one of them is having a negative magnitude then the assumed direction of that fore is wrong. Correct direction then will 
be the reverse of the assumed direction- 
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Joint F 
The forces Fr, and Fre are known in magnitude and 
directions. The assumed directions of the forces Fpp and Fg 














are shown in Fig. 6.23 (d). 
Resolving the forces vertically, we get 
Sx sin O + Foe sin O=3 
Ssin6+3 
" ry" S023 
3 3 
5er guo 54520 


Resolving the forces horizontally. we get 
12 +5 cos 0 = For + Fop cos 

or 1245x08=For+0 or 12442 For 
E Fop = 12+4 = 16 kN (Tensile) 
Now consider the joint D. 

Joint D 
The forces Fe and Frp are known in magnitude and 

l. The assumed directions of Fr and Fry are shown 

23 (9). 

Resolving vertically, we get 


dire 
mn Fi 








Fog sin 0 = Fpp x sin 8 =0 
* Fog =0 
Resolving forces horizontally, we get 
Foe = Feo = 8kN 


4 Fpe = 8 KN (Compressive) 
Now consider the joint G. 
Joint G 
The forces Fr; and Fe are known in mag 
direction. The assumed directions of Fee and Fag arc shown 














in Fig. 6.23 (f). 
Resolving the forces verti 
For sin 87 Fog sin 8+ 626 
6 6 
or Form aei ue 
10 kN (Tensile) 
Resolving forces horizontally, 


Fog = 16- Fog cos 


=16-10x08=8KkN 


Tensile) 





Fig 623 (4) 





Fig. 623(€) 





Fig. 6.23) 
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The truss is hinged at A and hence the support reactions at A will consists of a horizontal reaction Ha 
anda vertical reaction Ry. 
Now length AC =4 x cns 30 = 4 x 0.866 = 3464 m 
and dength AD = 2x AC =2x3.464 = 6.928 m 
Now taking moments about A, we get 
Rax 12=2xAC +1 xAD +1 xAE 
= 2x 3.464 + 1x 6928 1x42 17856 
17.856 
2 
‘Total vertical components of inclined loads 
= (142+ 1) xsin 60" + 10 
=4 «0.866 + 1.0 = 4464 kN 
‘Total horizontal components of inclined loads 
=(1+2+ 1) cos 60" =4x05=2kN 





R; =149kN 








Now Ry = Vertical components of inclined loads — Ry 
= 4464 — 1.49 = 2974 kN (1) 
and Hy = Sum of all horizontal components = 2 kN 
Now the forces in the members can be calculated. 
Consider the equilibrium of joint A. 
Joint A 
Let Fag = Force in member AE 
and Fyc Force in member AC 


Their directions are assumed as shown in Fig. 624 (a). 
Resolving the forces vertically, we get 
Fae x sin 30° + 1 x sin 60° = 2.974 
or Fac x 05 + 0.866 = 2974 
294 - 0.866 Fig 6.24 (o) 
0s 
= 4.216 KN (Compressive) 
Resolving the forces horizontally, we get 
Fag = 2+ Fac cos 30° - 1 x cos 60" 
=24 4216 x 0866-05 = 5.15 KN (Tensile) 





& Fic. 





Now consider the joint C. 


Joint C 
From Fig. 6.24 (b), we have 
Feo= Fac = 4216 
(Compressive) 
and Fee=2KkN (Compressive) 


Now consider joint E. 
Joint E [See Fig. 6.24 (c)] 
Resolving forces vertically, we get 
1 2 x sin 60° = Fep x sin 60° 





Fig. 6.24 (6) 


1 
or Feo=24 igg 3455 (Tensile) 
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Resolving forces horizontally, we get. 
5.15 2 x cns 60° — Fep cos 60* — Fer =0 


1 1 
or 515-2x 5-315 x3 - fgg eO 


Pep = S15 1-157 « 258kN 
(Tensile) 
At the joint G, two forces, Łe., Fag and Fp are in the 
same straight line and hence the third force, Łe., Fap should be 
zero. 





Joint F [See Fig. 6.24 (4)] 
Resolving forces vertically, we get 
For x sin 60° «0 
^ For=0 
Resolving horizontally, we get 
Fry Fre = 2.58 KN 
* Fre = 258kN. (Compressive) 
Now consider the joint B. 
Joint B. 
Resolving vertically, we get 


Fpa% sin 30° = 149. 
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Fig. 6244) 





6 
E zs F o2: 8 


Fig 6244: 














Fxg = pS s 298kN 
(Compressive) 
Joint G feetasiad 
Fon = Fag = 2.98 kN (Compressive) nii 
The forces are shown in a tabular form as A 624) 

li Member Force in the member Nature of force 
H AC 4216kN Compressive 
| AE SISIN Tensile 
| CE 2kN Compressive 
| cp A2I6kN Compressive 
| ED 33554 Tensile 
| EF 258KN 
| DE o 
| DG 2.98kN 
| Gn 298KN 

FB | 258kN 

FG i o 











6.6. METHOD OF SECTIONS 


When the forces in a few members of a truss are to be determined, then the method of section is mostly 
used. This method is very quick as it does not involve the solution of other joints of the truss. 
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In this method, a section line is passed through the members, in which forces arc to be determined as 
shown in Fig. 6.25. The section line should be drawn in such way that it docs not cut more than three members 
in which the forces are unknown. The part of the truss, on any one side of the section line, is treated as a free. 
body in equilibrium under the action of external forces on that part and forces in the members cut by the section 
line. The unknown forces in the members are then determined by using equations of equilibrium as 

X0. EF =0 and EM=0 














(a) Given Truss voten 
Fig 625 
I the magnitude of the forces, in the members cut by a section line, is positive then the assumed 
direction is currect If magnitude of a force is negative, then reverse the direction of that force. 
Problem 6.11. Find the forces in the members 
AB and AC of te truss shown in Fig. 6.26 using method 
of vection 
Sol. First determine the reaction Ry and Re. 
"The distance of line of action of 20 kN from 
point Bis AB cos 60° or 25x 3e 125m 
Taking moments about point B, we get 
Rex 520x125 
2x1 
5 
and Ra=20-5=15KN 
Now draw asection line (1.1), cutting the mem- 
hers AB and BC in which forces are to be determined. 
Now consider the equilibrium of the left part of the 
truss, This partis shown in Fig. 6:27. 
Let the directions of Fay and Fac are assumed 
as shown in Fig. 627. 
Now taking the moments of all the forces acting. 
‘on the left part about point C, we get 
15 x5 + (Fm x AC) 
("The perpendicular distance between the line of 
action of Fg, and point C is equal to AC) Fig. 627 


4 Right Pont 


Rew SkN 




















“The moment ofthe force Faa aboot point C, is also taken by resolving the force Fg, into vertical and horizontal 
‘components at point B. The momentof the horizontal component about Cis zero, whereas the moment of vertical component 


Will be (Fia x sin 60°) x 5 = Fg x S x sin 60 ot Figg x 5 x cos 30°. (sin 60° e cos 30°) 
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or 75+ Fay x 5x cos30°=0 7 AC = BC x cos 30°) 





or Fact =-1732kN 


a 
x eos 30° 
. 000 Thenegative sign shown that Fa, is acting in the opposite direction (c. towards point B). Hence force 
Jy, will be a compressive force. 
s Fay = 17.32 kN (Compressive). “Ams. 
Again taking the moments of all the forces acting on the left part about point A, we get 
15 x Perpendicular distance between the line of action of 
15 kN and point C = Fyc x Perpendicular distance between Fgc and point A 
15x25 x cos 60° = Fac x 2.5 x sin 60° 


15 x25 x 08 60" _ 15x05 
25 xsin 60" ^ 0866 


=8.66 kN (Tensile). Ans. 

‘These forces are same as obtained in Problem 6.1. 

Problem 6.12. A truss of span 5 m is loaded as shown in Fig. 6.28. Find the reactions and forces in 
the members marked 4, 5 and 7 using method of section. 

Sol. Let us first determine the reactions Ry and R; 

Triangle ABD is a right-angled triangle having angle 

ADB =% 

^ AD = AB cos 60* « 5 x05 525m 

The. distance of line of action the vertical load 10 KN from point A will be AD cos 60° or 
21.25m. 

From triangle ACD, we have 
AC=AD=25m 
BC=5-25=25m 
ple CEB, we have 


BE = BC cos 30° = 2.5 x 





Fc 








x05 





In right-angled 





2 
The distance of line of action of vertical lood 


12 kN from point B will be BE cos 30 or BE x “F 





EIE 


= 1.875 m 
The distance of the line of action of the load of 12 kN from point A will be 
(= 1.875) = 3.125 m 
Now taking the moments about A, we get 
Rax S= 10x 1.25 + 12x 3.125 =50 


x DELI and Ry=(10+12)-10=12kN 


Fig 6.28 
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Now draw a section line (1.1), cutting the members 4, 
5 and 7 in which forces are to be determined. Consider the 
‘equilibrium of the right part of the truss (because it is smaller 
than the left part). 

This part is shown in Fig. 629. Let Fa, Fs and Fz are 
the forces in members 4, 5 and 7. Let their directions are 
assumed as shown in Fig. 6.29. 

Now taking the moments of all the forces acting on 
the right pan about point E, we get 

Ry x BE cos 30° = Fy x (BE x sin 30°) 











or m( Ffens pos 


2 





Ed 
Fue 10x x gig = T2 AN (Tensile). 


Now taking the moments of all the forces about point B acting on the right part, we get 
12x BE cos 30° + Fs x BE =0 
or 12x cos 30" + Fo =0 
E Fy =- 12x cos 30* =~ 10392 kN 
~= ve sign indicates that F is compressive. 
$ Fy = 10.392 kN (Compressive). Ans. 
Now taking the moments about point C of all the forces acting on the right parts, we get 


12 x (25 — BE cos 30°) = Fy x CE + Ry x BC 








or 12x (25-2505 xD Jerenzsusinam 0x25 

E 12x (25-1875) e Fx 125425. or 75=1.25F, +25 
25- 

or Fs ESL a 


Negative sign shows that Fz is compressive. 
Fy = M KN (Compressive). Ans. 
“These forces are same as obtained in Problem 6.3. 
Problem 6.13. A truss of span 9 m is loaded as shown in Fig. 6.30. Find the reactions and forces in 
she members marked 1, 2 and 3. 


Sol, Let us fist calculate the reactions Ry and Rp. 
Taking moments about A, we get 
Ryx9= 9x34 12x6 
227472299 
š Ras enis 
and Ry = (9+ 12-112 10kN 
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in Fig. 6.30 (a). Let Fy, Fz and F are the forces 
members I, 2 and 3 respectively. Let their directions 
are assumed as shown in Fig. 6.30 (u). 
‘Taking moments of all the forces acting on 
the left part about point D, we get 
0x3 Fy x4 
10x3 
p. Sui 
= 7.5KN (Tensile). Ans. 
Now taking the moments of all the forces 
acting on the left part about point G, we get 
10x34 fixas 











3 eMersin 
Negative sign shows that force F; is com- 
pressive. Fig 6300) 


F, =7.5 kN (Compressive). Ans. 
Now taking the moments about the point C, we get 
Fix3-9x3+Fyx4=0 


or Fyx3-27475x4=0 





or 10kN 





Negative sign shows that fore Fs compressive. 
Fy=1.0KN (Compressive). Ans. 
Problem 6.14. For the pin-joined rus shown in Fig, 631, find the forces in the members marked 1, 
2 and 3 with the single load of 80 kN as shown. 
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Now taking the moments about A. we get 
Rgx 12=2KAC +1 xAD 41 xAE 
= 2x 3.464 + 1x 6928 +1 x4= 17.856 








B 
me US mN 
Now draw the section line (1-1), passing through 


members DG. DF and EF in which the forces are to be 
determined. Consider the equilibrium of the right part of 
the truss. This part is shown in Fig. 6.33 (a). Let Foo Fro 
and Fep are the forces in members DG, FD and EF 
respectively. Let ikeir directions are assumed a showr 
Fig. 6.33 (a). Taking moments of all forces acting on right 
part about point F. we get 

Rax4* Foo x FG e 0 
or 149 x 4 + Fp; (4 sin 30°) = 0 


(7 FG =4xsin30") 





or 





~ve sign shows that the force Fry; is compressive. 


& Fg s 298kN (Compressive). Ans. 
Now taking the moments about point D. we get 


Ry x BD cos 30 = Fp x BD x sin 30 


or LI Ry x cos 30 = Fry x sin 30 
x Fpp = 12 290830 | 1.49 x 0.866 
P mU sin 30 05 


=258KN (Tensile). Ans. 
Now taking the moments of all forces acting on the right part about B, we get 
Fro x L distance between Frp and B «0 


Fro=0. Ams. (> 4 distance between Fyn and B is not zero) 


6.7. GRAPHICAL METHOD 
‘The force in a perfect frame can also be determined by a graphical method. The analytical methods 

(such as method of joints and method of sections) give absolutely correct results, but sometimes it is not possible. 

to get the results from analytical methods. Then a graphical method can 

he used conveniently to get the results. The graphical method also 

provides reasonable accurate results. 

‘The naming of the various members of a frame are done accordi P 
to Bow's notations. According to this notation of force is designated by 
two capital letters which are written on either side of the ine of action of 
the farce. A force with letters A and B on either side of the line of action 
is shown in Fig. 6.34. This force will be called AB. 
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‘The following steps are necessary for obtaining a graphical solution of a frame. 
(i) Making a space diagram 
(ii) Constructing a vector diagram 
(iii) Preparing a force table. 
1, Making a space diagram. The given truss or frame is drawn accurately according to some linear 
scale. The loads and support reactions in magnitude and directions are also shown on the frame. Then the 
various members of the frame arc named according to Bow's notation, Fig. 6.35 (a) shows a given truss and 


g P 
Tas ° MESE 

a 
; 


(a) Given Diagram (b) Space Diagram. (6) Vector Diagram 
Fig. 635 
the forces in the members AB, BC and AC are to be determined. Fig. 6.35 (b) shows the space diagram to same 
linear scale. The member AB is named as PS and so on. 
2. Constructing a vector diagram. Fig. 6.35 (c) shows a vector diagram, which is drawn as given 
below : 














(i) Take any point p and draw pq parallel to PQ vertically downwards. Cut pq = 4 kN to same scale. 
(ii) Now from q draw qr parallel to QR vertically upwards and cut gr = 2 kN to the same scale. 
(i) From r draw rp parallel to RP vertically upwards and cut rp = 2 kN to the same scale. 
(iv) Now from p, draw a line ps parallel to PS and from r, draw a line rs parallel to RS, meeting the first 
line at s. This is vector diagram for joint (A). Similarly the vector diagrams for joint (B) and (C) can be drawn, 
3. Preparing a force table. The magnitude of a force in a member is known by the length of the vector 
diagram for the corresponding member, ie., the length ps of the vector diagram will give the magnitude of 
force in the member PS of the frame. 
Nature of the force (ie., tensile or compressive) is determined according to the following procedure. 
(Ù) In the space diagram, consider any joint. Move round that joint in a clockwise direction. Note the 
order of two capital letters by which the members are named. For example, the members at the joint (A) in 
space diagram Fig. 6.35 (b) are named as PS, SR and RP. 
(ü) Now consider the vector diagram. Move on the vector diagram in the order of the letters (ie, ps, 
sr and rp). 
(ti) Now mark the arrows on the members of the space diagram of that joint (here joint A). 
(iv) Simitarly. all the joints can be considered and arrows can be marked. 
(7) Ifthe arrow is pointing towards the joint, then the force in the member will be compressive whereas 
if the arrow is away from the joint, then the force in the member will be tensile. 
Problem 6.17. Find the forces in the members AB, AC and BC of the truss shown in Fig. 6.36, 
Sol. First determine the reactions Ry and Rc 


6.36 (a). AB=BCxcos 60" =5x4=25m 




















ANALYSIS OF PERFECT FRAMES 147 


Distance of line of action of 20 kN from point B 


= AB cos 60" = 2.5 x 





Now taking moments about B, we get 
Rex 5 = 20x 1.25=25 





Re=BeSkN and Ry=20-5=15KN 





p 
e l 
sim la 
(a) Given Diagram. (P) Space Diagram (c) Vector Diagram 


Fig. 6.36 
Now draw the space diagram for the truss alongwith load of 20 kN and the reactions Ry and Re equal 
tw 15 KN and 5 kN respectively as shown in Fig. 6.36 (b). Name the members AB, AC and BC according te 
Bow’ notations as PR, QR and RS respectively. Now construct the vector diagram as shown in Fig. 6.36 (c) 
and as explained below : 
(Ð Take any point p and draw a vertical line pq downward equal to 20 kN to some suitable scale. From 
4 draw a vertical line qs upward equal to 5 kN to the same scale to represent the reaction at C. Then sp will 
represent the reaction Ry to the scale. 
(i) Now draw the vector diagram for the joint (B). From p, draw a line pr parallel to PR and from » 
draw a line sr parallel to SR, meeting the first line at r. Now prs is the vector diagram for the joint (B). Now 
mark the arrows on the joint B. The arrow in member PR will be towards to joint B, whereas the arrow in the 
member RS will he away from the joint as shown in Fig. 6.36 (b). 
(ii) Similarly draw the vector diagrams for joint A and C. Mark the arrows on these joints in space 
diagram. 
Now measure the various sides of the vector diagram. The forces are ob 
factor. The forces in the members are given in a tabular form as + 











ined by multiplying the scale 











[ Member J 
| According to given russ harige | Foree inmemor Name of force 
Bons notation — | 
AB PR 173kN Compressive 
ac or 100kN Compressive 
se a i SDN Tensile 





Problem 6.18. A truss of span 7.5 m carries a point load of 1000 N at joint D as shown in Fig. 6.37. 
Find the reactions and forces in the member of the truss. 
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Sol. First determine the reactions Ry and Rg- 








a 3 
© 
N G 
[en | 
MUN E v. 
ppa 


Taking moments about A, we get 





c" 
mrt 


Now draw the space diagram for the truss alongwith load of 1000 N and reactions Ry and Ry equal to 
333 N and 667 N respectively as shown in Fig. 6.37 (P). Name the members AC, CB, AD, CD and DB according 
10 Bow's notations as PR, PQ, RT, QR and QS respectively. Now construct the vector diagram as shown in 
Fig. 6.37 (c) and as explained below : 
i) Take any point s and draw a vertical line st downward equal to load 1000 N to some suitable scale. 
From t draw a vertical line ip upward equal to 333 N to the same scale to represent the reaction at A. The ps 
will represent the reaction Rp to the scale. 
(i) Now draw the vector diagram for the joint A. From p, draw a line pr parallel to PR and from t draw 
Y ir parallel to RT, meeting the first line at r. Now prt is the vector diagram for the joint A. Now mark the 
arrows on the joint A. The arrow in the member PR will be towards the joint A, whereas the arrow in the member 
RT will be away from the joint A as shown in Fig. 6.37 (b). 
(iii) Similarly draw the vector diagrams for the joint C, B and D. Mark the arrows on these joints as 
shown in Fig. 6.37 (b). 
Now measure the various sides of the vector diagrams. The forces in the members are obtained by 
multiplying the scale factor to the corresponding sides of the vector diagram. The forces in members are given 
ina tabular form as 
































Member T 
According to given truss | According to Bow's nota- Face mente. Renee ol fret 
tion 
AC PR 666 N. Compressive 
AD RT ST62N Tensile 
Ch Po BƏN Compressive 
cp Qn TIS5N Tensile 
DR os ISSN. Tensile 














Problem 6.19. Determine the forces in all the members of a cantilever truss shown in Fig. 6.38. 

Sol. In this case the vector diagram can be drawn without knowing the reactions. First of all draw the 
space diagram for the truss along with loads of 1000 N of joints B and C. Name the members AB, BC, CD. 
DE. AD and BD according to Bow's notation as PT, QS, SR, RV, VT and ST respectively. Now construct the 
vector diagram as shown in Fig. 6.38 (c) and as explained below : 
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(i) The vector diagram will be started from joint C where forces in two members are unknown. Take 
any point q and draw a vertical line gr downward equal to load 1000 N to some suitable scale. From r, draw 
nc rs parallel to RS and from q draw a line qs parallel to QS, meeting the first line at s. Now qrs is the vector 
iram for the joint C. Now mark the arrows on the joint C. The arrow in the member RS will be towards the 
eint C. whereas the arrow in the member SQ will be away from the joint C as shown in Fig. 6.38 (5). 


















Y Given Figure 4b) Space Diagram. (e) Vector Diagram 
Fig. 638 
(ii) Now draw the vector diagram for the joints B and D simi 
Mark the arrows on these joints as shown in Fig. 6.38 (b). 
Now measure the various sides of the vector diagram. The forces in the members are given in a tabular 
form as : 





ly. 

















Member 

Force in member Nature of force 

AB Pr BIN Tensile 

| nc | os BIN Tensile 
cD | SR 1666N Compressive 
DE | hv 2500N Compressive 

AD | vr SN Tensile 
ap, i sr 1000 N Compressive 





From the vector diagram, the reactions R, and Rz at A and E can be determined in magnitude and 
directions. 


Reaction Ry = rv = 2500 N. This will be towards point E. 
Reaction Ry = vp = 2000 N. This will be away from the point A as shown in Fig. 6.38 (P). The reaction 


is parallel to vp. 
HIGHLIGHTS 


1. ‘The relation between number of joints (j) and number of members (n) in a perfect frame is given by n = 2j— 3. 
2. Different frame is a frame is which number of numbers are less than (2j — 3) whereas a redundant frame isa frame 
in which number of members are more than (2j — 3). 
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The reaction on a roller support is at right angles to the roller base + 
The forces in the members of a frame arc determined by = 
() Method of joints (i) Method of sections and. 
ii) Graphical method. 
The force in a member will be compressive if the member pushes the joint the which it is connected whereas the 
force in the member will be tensile if tbe member pulls the joint 10 which it is connected. 
While determining forces in a member by method of joints, the joint should be selected in such a way that at any 
time there are only two members, in which the forces are unknown. 
M three forces act at a joint and two of them are along the same straight line then third force would be zero. 
{a truss (or frame) cartes horizontal loads, then the support reaction at the hinged end will consists of () horizontal 
reaction and (ii) vertical reaction. 
Ma uss carries inclined loads, then the support reaction at the hinged end will consists of : (i horizontal reaction 
and (ii) vertical reaction. They will be given as: 
Horizontal reaction = Horizontal components of inclined loads 
Vertical reaction = Total vertical components of inclined loads ~ Roller support reaction. 
‘Method of section is mostly used, when the forces in a few members of a truss are to be determined. 
"The following steps are necessary for obtaining a graphical solution ofa frame 
(i) Making a space diagram. 
i) Constructing a vector diagram, and. 
(b) Preparing a force table. 
The various members of a frame are named according to Bow's notation. 





EXERCISE 6 





A. Theoretical Questions 


Define and explain the terms : Perfect frame, imperfect frame, deficient frame and a redundant frame. 
(a) What is a frame ? State the difference between a perfect frame and an imperfect frame. 
(P) What are the assumptions made in finding out the forces in a frame ? 
‘What are the different methods of analysing (oc finding out the forces) a perfect frame ? Which one is used where 
and why ? 
How will you find the forces in the members of a truss by method of joints when 

(i) the tussis supported oa rollers at one end and hinged at other end and carries vertical loads. 

i) the truss is acting as a cantilever and carries vertical loads. 
(iii) the truss is supported on rollers at one end and hinged at other end and carries horizontal and vertical loads. 
(e) the truss is supported on rollers at one end and hinged at other end and carries inclined loads. 
(a) What is the advantage of method of section over method of joints ? How will you use method of section m 
finding forces in the members of a truss ? 
(b) Explain with simple sketches the terms (i) method of sections and (i) method of joints, as applied to trusses, 
How will you find the forces in the members of a joint by graphical method ? What are the advantages or 
disadvantages of graphical method over method of joints and method of section ? 
What is the procedure of drawing a vector diagram for a frame ? How will you find out (i) magnitude of a force. 
and () nature of a force from the vector diagram ? 
How will you find the reactions of a cantilever by graphical method ? 
What are the assumptions made in the analysis of a simple truss. 
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8 Determine the forces in the truss shown in Fig. 6.46 which carries a horizontal load of 16 KN and a vertical load 
of 26 kN. 

[Ans AC = 24 kN (Tens.) 
AD = 10 kN (Comp.) 
CD =24 KN (Tens) 
CB 2 24 kN (Tens.) 
BD = 30 XN (Comp)] 





Fig 046 
9. Find the forces in the member Alt and AC of the truss shown in Fig. 639 of question 1, using method of sections 
(Ans. AD = 4.33 kN (Comp) 

AC « 25kN (Comp)] 
10, Find the forces in the members marked 1, 3, Sof truss shown in Fig, 640 of question 2, using method of sections. 


Ans. » 333 N (Comp) 
Fy = STISN (Tens) 
Fy = STIS N Tens)] 
Find the forces in the members DE, CE and CB of the truss, shown in Fig. 641 of equation 3, using method of 
sections. [Ans. DE = 3:5 KN (Comp) 

CE = 2598 kN (Comp) 

BC» 433 KN (Tens)] 
12. Using method of section, determine the forces in the members CD, FD and FE of the truss shown in Fig. 642 of. 
question 4. (ns. CD = 800 N (Comp.) 
FD = 400N (Comp) 

FE = GOON Tens) 

od of section, determine the forces in the members CD, ED and EF of the truss shown in Fig. 647. 
* [Ans CD = 4.216 kN (Comp.) 
ED = 3.155 KN (Tens) 
EF = 258KN (Tens)] 














13, Using met 





M, — Find the forces in the members AB, AC and BC of the truss shown in Fig. 639 of question 1, using graphical 
method. 

15. Using graphical method, determine the magnitude and nature of the forces in the members of the truss shown in 
Fig. 6.40 of question 2. 

16. Determine the forces in all the members of a cantilever truss shown in Fig. 6.44 of question 6, using graphical 
method. Also determine the sections of the cantilever. 
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Centre of Gravity and Moment of Inertia 








7.1. CENTRE OF GRAVITY 
Centre of gravity of a body is the point through which the whole weight of the body acts. A body is 
having only one centre of gravity for all positions of the body. It is represented by C.G. or simply G. 


7.2. CENTROID 

The point at which the total area of a plane figure (like rectangle, square, triangle, quadrilateral, circle 
ctc.) is assumed to be concentrated, is known as the centroid of that area. The centroid is also represented by 
C.G. or simply G. The centroid and centre of gravity are at the same point. 


7.3. CENTROID OF CENTRE OR GRAVITY OF SIMPLE PLANE FIGURES 
(Ð The centre of gravity (C.G.) of a uniform rod lies at its middle point, 
(i) The centre of gravity of a triangle lies at the point where the three medians* of the triangle meet. 
(ii) The centre of gravity of a rectangle or of a parallelogram is at the point, where its diagonal meet 
cach other. It is also the point of intersection of the lines joining the middle points of the opposite 
sides. 
(iv) The centre of gravity of a circle is at its centre. 
74. CENTRE OF GRAVITY OF PLANE FIGURES BY THE METHOD OF MOMENTS 
Fig. 7.1 shows a plane figure of total area A whose centre of gravity is to be determined. Let this area 
‘Aas composed of a number of small areas aj, az, ds, da, 
Away + az tay tay ss 
Let x = The distance of the C.G. of the area 
a; from axis OY 
x2 = The distance of the C.G. of the area az 
from axis OY 
x = The distance of the C.G. of the area ay. 
from axis OY 
x4 = The distance of the C.G. of the area ay 
from axis OY and so on. 
‘The moments of all small areas about the 
axis OY 
= a; ay + Ayy + aga + ) 
Let G is the centre of gravity of the total area 
‘A whose distance from the axis OY is. 
Then moment of total area about OY = AX- 
Mii) 
"The line connecting the vertex and the middle point of the opposite side of a triangle is known as median of the 
triangle. 
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The moments of all small arcas about the axis OY must be equal to the moment of total arca about the 
same axis. Hence equating equations (i) and (ii), we get 


apt + ah eas t ake t = AT 





O 4 ayta + ants + asta 
a gu tesi tem aga 0) 
A 
where A= ay +a; tay. 
If we take the moments of the small areas about the axis OX and also the moment of total area about 
the axis OX, we will get 


= ayt ayzt ayy + Net one 
g tite neg 72) 
where F = The distance of G from axis OX 
yı = The distance of C.G. of the arca a, from axis OX 
Ya» Ys Ya = The distance of C.G. of area az, ay, a, from axis OX respectively. 
74.1. Centre of Gravity of Plane Figures by Integration Method. The equations (7.1) and (7.2) can 
be written as 





7e 
where i81,23,4, 

3, * Distance of C.G. of area a, from axis OY and 

yı = Distance of C.G. of arca a, from axis OX. 

The value of i depends upon the number of small arcas. If the small arcas are large in number 
(mathematically speaking infinite in number), then the summations in the above equations can be replaced by 
integration. Let the small areas are represented by dA instead of ‘a’, then the above equations are written as : 








zea 
x I 72A) 
and Je oa 128) 
where fa" dA = Eray 
Jda =a, 
Jy*dA = Xya, 
Also = Distance of C.G. of area dA from axis OY 





y" = Distance of C.G. of area dA from axis OX. 
7.4.2. Centre of Gravity of a Line. The centre of gravity of a line which may be straight or curve, is 
‘obtained by dividing the given line, into a large number of small lengths as shown in Fig. 7.1 (a). 
The centre of gravity is obtained by replacing dA by dL in equations (7.2 A) and (7.2 B). 
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Fig. 7.1 (@) 


Then these equations become F= LETHE 40 


ai LEES 2 
ind. y- Ja (72D) 
where x* = Distance of C.G. of length dL from y-axis, and 
y" = Distance of C.G. of length dL from x-axis. 
If the lines are straight, then the above equations are written as : 
ga biti t Late + Lye + 
Fe Lely tly to 





028) 





and A722. P) 





7,5. IMPORTANT POINTS 

(i) The axis, about which moments of areas are taken, is known as axis of reference. In the above 
article, axis OX and OY are called axis of reference. 

(ii) The axis of reference, of plane figures, is generally taken as the lowest line of the figure for 
determining Y, and left line of the figure for calculating x. 

(i) Y the given section is symmetrical about X-X axis or Y-Y axis, then the C.G. of the section will lic. 
on the axis is symmetry. 

75.1. Centre of Gravity of Structural Sections. The centre of gravity of structural sections like 
T-section, /-section, L-sections etc. are obtained by splitting them into rectangular components. Then equations 
(7.1) and (7.2) are used. 

Problem 7.1. Find the centre of gravity of the T-section shown in Fig. 7.2 (a). 

Sol. The given T-section is split up into two rectangles ABCD and EFGH as shown in Fig. 7.2 (b). The 
given T-section is symmetrical about Y-Y axis. Hence the C.G. of the section will lie on this axis. The lowest 
line of the figure is line GF. Hence the moments of the areas are taken about this line GF, which is the axis of 
reference in this case. 
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Fig 72(a) 


F = The distance of the C.G. of the T-section from the bottom line GF 


(which is axis of reference) 
a, = Area of rectangle ABCD = 12 x 3 = 36 cm? 


yı = Distance of C.G. of area a, from bottom line GF = 10 +3 = 11.5em 
az= Arca of rectangle EFGH = 10 x 3 = 30 cm? 
yx Distance of C. of area az from boton line GF = 19 = 5 cm. 
I — — — iae — 34 
* ^ 
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Fig 724) 
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